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Kinematics of dipole conserving 
systems



Kinematics of dipole conserving 
systems

·Pi = 0
·Q = 0
·Qi = 0

The conservation of momentum and dipole moment imply

·xi = 0



Kinematics of dipole conserving 
systems

·Pi = 0
·Q = 0
·Qi = 0

However, motion is not strictly prohibited if dipoles can be absorbed or emitted



Conservation laws and symmetry 
algebra 



Conservation laws and symmetry 
algebra 

Q = ∫ ddx ϱ, Qi = ∫ ddx xiϱ ∂0ϱ + ∂i ji = 0 , ∂0pj + ∂iτij = 0

Pi = ∫ ddx pi, Jij = ∫ ddx (xi pj − xj pi) ji = ∂jKji , τ[ij] = ∂kLkij

The charge conservation is captured by the continuity equations



[Pi, Q j] = δ j
i Q

[Jij, Qk] = δk
[ jQi], [Jij, Pk] = δk[ jPi], [Jij, Jkl] = δ[i[kJl]j],

The conservation of energy, momentum, angular momentum, 
charge and dipole moment form a group with algebra
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SM ∼ ∫ dd+1x (ϱϕ + KijAij)

δAij = ∂i∂jε, δϕ = − ·ε

Fijk = ∂iAjk − ∂jAik, F0ij = ·Aij + ∂i∂jϕ

S =
1
2 ∫ dd+1x (F0ijF0ij −

1
2

FijkFijk)

An “electrodynamics” version this 
systems can be obtained with the 
gauge principle

The “electromagnetic” fields are defined as

And the action for the minimally couple system would contain the terms

Pretko 1606.08857



Fμνρ = ∂μAνρ − ∂νAμρ δAμν = ∂μ∂νε

S =
1
4 ∫ dd+1xFμνρFμνρ

τνAμν = − ∂μϕ

Notice that the gauge fields action can be express as

Provided the constraint 
is imposed 

The field strength and gauge transformations read



δAμν = ∇μ ∇νϵFμνλ = ∇μAνλ − ∇ν Aμλ

δFμνρ = [∇μ, ∇ν]∂ρϵ = − Rα
ρμν ∂αϵ

S = − ∫ dd+1x |g | ( 1
2

FμνλFμνλ − RμνρσAμρAνσ)

∇μRμνρσ = 0

A minimal generalisation to generic background geometries could be

However,

Therefore, a possible way out is to require the background to satisfy

And propose the action



From Poincaré to Fracton 
algebra



[Jμν, Pρ] = ηρ[νPμ]

[Jμν, Jρσ] = η[μ[ρJσ]ν]

Contraction of Poincare algebra



Contraction of Poincare algebra

[Qa, Q] = σ2Pa

[Qa, Qb] = − σ2Jab

[Jab, Gc] = δc[bGa], [Ga, Qb] = δabK, [Qa, K] = σ2Ga

MDMA +



Fracton gauge theory from a 
non-relativistic limit of gravity



Fracton gauge theory from a 
non-relativistic limit of gravity

A = eΨAJAneΦAPA (Ã + d) e−ΦBPBe−ΨBJBn

A = EAPA +
1
2

ΩABJAB

F = dA + A ∧ A = TAPA +
1
2

RABJAB

We assume the Poincare 
group in d+2 is broken 
down to Lorentz in d+1



S = −
1
2 ∫ ⟨*F ∧ F⟩

⟨JABJCD⟩ = α̂0 (ηACηBD − ηADηBC), ⟨PnPn⟩ = α̂1

⟨JAnJBn⟩ = α̂2ηAB, ⟨PAPB⟩ = α̂3ηAB

The action is

Since the gauge group is broken

⟨…⟩ Is the most general bilinear form that is invariant under SO(d,1)

ISO(d,2) → SO(d,1)



After doing the contraction, introducing some 
gauge fixing, and requiring the existence of a 
space-like Killing vector we obtain

δaμ = 𝔏ξaμ − ∂μϵ + baea
μ

δṽa
μ = 𝔏ξṽa

μ + Dμba − θa
bv

b
μ

δψa = 𝔏ξψa + ba − θa
bψ

b

F̃a = Dṽa

f̃ = da + eaṽa



S = S1 + σ2S2 + O(σ4)After doing the contraction, introducing some 
gauge fixing, and requiring the existence of a 
space-like Killing vector we obtain

S1 = −
1
2 ∫ dd+1x |g | [ α0

2
Rab

μν R μν
ab + α3Ta

μνT
μν

a − α3∂[μτν]∂[μτν]]
S2 = −

1
2 ∫ dd+1x |g | [α2 (F̃a

μν − Rab
μνψb) (F̃ μν

a − R μν
ac ψc)

−α0Rabμν (ṽaμ − Dμψa) (ṽbν − Dνψb) + α1 (f̃μν − Ta
μνψa) (f̃μν − Tbμνψb)

+2α3 (ṽa
μ − Dμψa) (ṽ μ

a − Dμψa)]



In flat space with

S = −
1
2 ∫ dd+1x [F̃a

μνF̃
μν

a + α1 f̃μν f̃μν]
α3 = 0

This is Preto’s action after gauge fixing aμ = (ϕ,0,…,0)
And setting the second term to zero

With α3 ≠ 0 We obtain the Proca extension

S = − ∫ dd+1x [ 1
2

D[μAa
ν]D

[μA ν]
a + m2 (Aa

μ − ∂μψa) (A μ
a − ∂μψa)] + …



S = −
1
2 ∫ dd+1x |g | [ α0

2
Rab

μν R μν
ab + α3Ta

μνT
μν

a − α3∂[μτν]∂[μτν]

+α2 (F̃a
μν − Rab

μνψb) (F̃ μν
a − R μν

ac ψc) + α1 (f̃μν − Ta
μνψa) (f̃μν − Tbμνψb)]

In curved space



Without Stueckelberg field and mass term with the gravitational sector on shell

S2 = − ∫ dd+1x |g | [ 1
2

F̃a
μνF̃

μν
a − RabμνAaμAbν]

If 

DμRabμν = 0



Conclusion

• Dipole conserving gauge theories are intimately related to Carrol theories and can be 
obtained from Poincare gauge theories in a similar manner.


• The pseudo-Carrol parameter can not be send exactly to zero, otherwise the 
generated theory would be absent of fracton gauge fields.


• The singular nature of the limit requires the existence of Higgs fields that allow us 
preserve the invariance of the system.


• That explains why the fracton gauge invariance is broken in curved space.


• The dynamics of dipole conserving systems is far from trivial, even though their 
“matter” excitations naively are not allowed to freely move. Probably Carrol systems 
will show similar behaviour.


