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O U T L I N E

• hydrodynamics


• reconstruction of spectra


• pole-skipping and the reconstruction


• summary and future directions
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• low-energy limit of QFTs — a Schwinger-Keldysh effective field theory  
[SG, Polonyi (2013); Crossley, Glorioso, Liu (2015); Haehl, Loganayagam, Rangamani (2015); …]


• conservation laws (equations of motion) of globally conserved operators


• tensor structures (symmetries, gradient expansions) and transport coefficients (QFT)
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<latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit><latexit sha1_base64="MC+YUtak3YXREeDB1gJqKfLlHx8=">AAACCnicjVA9SwNBEN2LXzF+nVrarAbBxnAJgjZC0ELLCOYDcucxt9lLluzeXXb3AuFIbeNfsbFQxNZfYOe/cRNTqCj4YODx3gwz84KEM6Ud593Kzc0vLC7llwsrq2vrG/bmVkPFqSS0TmIey1YAinIW0bpmmtNWIimIgNNm0D+f+M0hlYrF0bUeJdQT0I1YyAhoI/n2rhsL2gV8it1E4KGv8AAfYobdCxAC8OCm4tvFcsmZAv9NimiGmm+/uZ2YpIJGmnBQql12Eu1lIDUjnI4LbqpoAqQPXdo2NAJBlZdNXxnjfaN0cBhLU5HGU/XrRAZCqZEITKcA3VM/vYn4m9dOdXjiZSxKUk0j8rkoTDnWMZ7kgjtMUqL5yBAgkplbMemBBKJNeoX/hdColMqGXx0Vq2ezOPJoB+2hA1RGx6iKLlEN1RFBt+gePaIn6856sJ6tl8/WnDWb2UbfYL1+AMQDmGI=</latexit>

shear diffusion

!/T ⇠ q/T ⌧ 1

<latexit sha1_base64="9/odFNOpgCdGAa0mPLJ1pGH92Ew=">AAACAnicjVDLSgNBEOz1GeNr1ZN4GQyCp2RXAuot6MVjhLwgWcLsZDYZMrOzzswKYQle/BUvHhTx6ld482+cPA4qChY0FFXddHeFCWfaeN6Hs7C4tLyymlvLr29sbm27O7sNLVNFaJ1ILlUrxJpyFtO6YYbTVqIoFiGnzXB4OfGbt1RpJuOaGSU0ELgfs4gRbKzUdfc7UtA+LtVQRzOBblAJWco58rtuwS96U6C/SQHmqHbd905PklTQ2BCOtW77XmKCDCvDCKfjfCfVNMFkiPu0bWmMBdVBNn1hjI6s0kORVLZig6bq14kMC61HIrSdApuB/ulNxN+8dmqisyBjcZIaGpPZoijlyEg0yQP1mKLE8JElmChmb0VkgBUmxqaW/18IjZOiXy6eX5cLlYt5HDk4gEM4Bh9OoQJXUIU6ELiDB3iCZ+feeXRenNdZ64Izn9mDb3DePgEln5Va</latexit>

@uµ ⇠ @T ⌧ 1

<latexit sha1_base64="a2Ga+eTMpWNJMZn9Mw6Z1YxEPKw=">AAACDXicjVDLSgMxFM3UV62vUZduglVwVWakoO6KblxW6As6Y8mkmTY0yQx5CGXoD7jxV9y4UMSte3f+jZm2iIqCBy4czrn3JvdEKaNKe967U1hYXFpeKa6W1tY3Nrfc7Z2WSozEpIkTlshOhBRhVJCmppqRTioJ4hEj7Wh0kfvtGyIVTURDj1MScjQQNKYYaSv13IMgRVJTxKC5DriBgaIcfmoNGDAG/Z5b9iveFPBvUgZz1HvuW9BPsOFEaMyQUl3fS3WY5VsxI5NSYBRJER6hAelaKhAnKsym10zgoVX6ME6kLaHhVP06kSGu1JhHtpMjPVQ/vVz8zesaHZ+GGRWp0UTg2UOxYVAnMI8G9qkkWLOxJQhLav8K8RBJhLUNsPS/EFrHFb9aObuqlmvn8ziKYA/sgyPggxNQA5egDpoAg1twDx7Bk3PnPDjPzsusteDMZ3bBNzivHwTDmuM=</latexit>

equilibrium 
temperature

q =
p
q2

<latexit sha1_base64="tZ/pTcPB1XH325HYkzt9YwzcFPs=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEVyUpBetCKLhxWcE+oKllMp20QyeTdGYi1BD8FTcuFHHrf7jzb5w+FioKHrhwOOde7uH4MWdKO86HlVtaXlldy68XNja3tnfs3b2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRxdRv3VKpWCSu9SSm3RAPBAsYwdpIPftgjM6Rp8ZSp6nnB2ic3ZSznl10S84M6G9ShAXqPfvd60ckCanQhGOlOq4T626KpWaE06zgJYrGmIzwgHYMFTikqpvO0mfo2Ch9FETSjNBopn69SHGo1CT0zWaI9VD99Kbib14n0UG1mzIRJ5oKMn8UJBzpCE2rQH0mKdF8YggmkpmsiAyxxESbwgr/K6FZLrmV0tlVpVirLurIwyEcwQm4cAo1uIQ6NIDAHTzAEzxb99aj9WK9zldz1uJmH77BevsEue+UwQ==</latexit>

. . . rµJ
µ⌫ = 0

<latexit sha1_base64="FFAQCqHkAqlrXDqRO7CZv+BI5HM=">AAACC3icjVC7SgNBFJ31GeNr1dJmSBAsJGwkoBZC0EasIpgHZNdldnY2GTIzu8xDCEt6G3/FxkIRW3/Azr9x8ihUFDwwzOGce7n3nihjVGnP+3Dm5hcWl5YLK8XVtfWNTXdru6VSIzFp4pSlshMhRRgVpKmpZqSTSYJ4xEg7GpyP/fYtkYqm4loPMxJw1BM0oRhpK4VuyWdxqpV/4AsUMRT63MDLm9x+vjAjeAo9GLrlasWbAP5NymCGRui++3GKDSdCY4aU6la9TAc5kppiRkZF3yiSITxAPdK1VCBOVJBPbhnBPavEMEmlfULDifq1I0dcqSGPbCVHuq9+emPxN69rdHIc5FRkRhOBp4MSw6BO4TgYGFNJsGZDSxCW1O4KcR9JhLWNr/i/EFqHlWqtcnJVK9fPZnEUwC4ogX1QBUegDi5AAzQBBnfgATyBZ+feeXRenNdp6Zwz69kB3+C8fQKPCJoZ</latexit>

higher-form currents in MHD

[SG, Hofman, Iqbal,  
PRD (2017)]
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<latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit>
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<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

• dispersion relations:



H Y D R O DY N A M I C S  F R O M  H O L O G R A P H Y

• a result of string theory (quantum gravity) [Maldacena (1997)]


strongly coupled quantum theory                                weakly coupled gravity 
                (extremely hard)                                                       (much easier)


• perturbations of black holes (quasinormal modes) 
give spectra of QFT operators for 


• invaluable explicit (toy) models:  
the               supersymmetric Yang-Mills theory 
[SG, Kovtun, Starinets, Tadić, JHEP (2019)] 
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=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

• duality: theory A = theory B

N = 4

! = � i
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q2 � i(1� ln 2)
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<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>
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<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>

shear diffusion:
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<latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit>

sound:

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>
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• spectral curves are solutions to


• simple example:


• local analysis


• regular point 
Taylor series around 


• critical point (order 2) 
Puiseux series around each                                  has 2 branches 


• convergence at least up to nearest critical point (branch point): 


• level-crossing                                vs.       level-touching             

C O M P L E X  S P E C T R A L  C U R V E S

P (x, y) = 0 =) y(x); x, y 2 C

<latexit sha1_base64="91B9c7jIxXoiNPs3fHaOCR1le4g="></latexit>

P (x, y) = x2 + y2 � 1 = 0
<latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit>

P (xr, yr) = 0, @yP (xr, yr) 6= 0
<latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit>

(xr, yr) = (0, 1)
<latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit>

y = y(T )(x) = 1� x2

2
� x4
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+ · · ·

<latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit>

P (x⇤, y⇤) = 0, @yP (x⇤, y⇤) = 0, @2
yP (x⇤, y⇤) 6= 0

<latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit>

(x⇤, y⇤) = (±1, 0)
<latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit>

y = y(P )
1 (x) = i

p
2(x� 1)

1
2 + i2�

3
2 (x� 1)

3
2 + · · ·

y = y(P )
2 (x) = �i

p
2(x� 1)

1
2 � i2�

3
2 (x� 1)

3
2 + · · ·

<latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit>

at (x⇤, y⇤) = (1, 0) :
<latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit>

R(T )
x = 1, R(P )

x = 2
<latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit>
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• hydrodynamic modes as complex spectral curves 
[SG, Kovtun, Starinets, Tadić, PRL (2019) and JHEP (2019)]


• e.g., first-order hydrodynamics:


• Puiseux theorem: there exists a convergent series around a critical point of any order


• convergence guaranteed up to the nearest level-crossing critical point (branch point)

w =
!

2⇡T
, q =

|q|
2⇡T

2 C
<latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit>

H Y D R O DY N A M I C S  F R O M  C O M P L E X  S P E C T R A L  C U R V E

P1(q
2,!) =

�
! + iDq2

�2 �
!2 + i�!q2 � v2sq

2
�
= 0

<latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit>

P (q2,!) = 0 =) !i(q
2)

<latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit>

hydro:


QNM:

detL(q2,!) = 0

a(q2,!) = 0
<latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) = 0, . . . , @p
!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit>

factorisation

• radius of convergence of                                ,                , is set by the lowest momentum at 

which the hydro pole collides (level-crossing):

q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>
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• hydrodynamic series are convergent Puiseux series (shear p=1, sound p=2) 
[SG, Kovtun, Starinets, Tadić, PRL (2019); … ; see also Withers; JHEP (2018); Heller, et.al. (2020, …)] 


• dispersion relations are  
holomorphic in a disk

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

H Y D R O DY N A M I C S  F R O M  C O M P L E X  S P E C T R A L  C U R V E

holomorphic

disk

!(q2)

<latexit sha1_base64="/uqNQfCPhJnx45rZ/gAf0ZjZXo4=">AAAB9HicjVDJSgNBFOxxjXGLevTSGIR4CTMhoN6CXjxGMAskY+jpvEma9DLp7gmEkO/w4kERr36MN//GznJQUbDgQVH1Hq+oKOHMWN//8FZW19Y3NjNb2e2d3b393MFh3ahUU6hRxZVuRsQAZxJqllkOzUQDERGHRjS4nvmNEWjDlLyz4wRCQXqSxYwS66SwrQT0CC7g4X3prJPLB0V/Dvw3yaMlqp3ce7uraCpAWsqJMa3AT2w4IdoyymGabacGEkIHpActRyURYMLJPPQUnzqli2Ol3UiL5+rXiwkRxoxF5DYFsX3z05uJv3mt1MYX4YTJJLUg6eJRnHJsFZ41gLtMA7V87AihmrmsmPaJJtS6nrL/K6FeKgbl4uVtOV+5WtaRQcfoBBVQgM5RBd2gKqohioboAT2hZ2/kPXov3utidcVb3hyhb/DePgERspEC</latexit>

Rshear(�) = 2.22
⇣
1 + 674.15��3/2 + · · ·

⌘

Rsound(�) = 2
⇣
1 + 481.68��3/2 + · · ·

⌘

<latexit sha1_base64="L/JoI1VQBwn1rncx/xZH7IAJTzo="></latexit>

N=4 SYM radius convergence  
[SG, Starinets, Tadić, JHEP (2021)]



R E C O N S T R U C T I O N  O F  S P E C T R A
[SG, Lemut, JHEP (2023)]



R E C O N S T R U C T I O N  O F  S P E C T R A

hydrodynamics

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))

rest of the spectrum

!(q2)

<latexit sha1_base64="/uqNQfCPhJnx45rZ/gAf0ZjZXo4=">AAAB9HicjVDJSgNBFOxxjXGLevTSGIR4CTMhoN6CXjxGMAskY+jpvEma9DLp7gmEkO/w4kERr36MN//GznJQUbDgQVH1Hq+oKOHMWN//8FZW19Y3NjNb2e2d3b393MFh3ahUU6hRxZVuRsQAZxJqllkOzUQDERGHRjS4nvmNEWjDlLyz4wRCQXqSxYwS66SwrQT0CC7g4X3prJPLB0V/Dvw3yaMlqp3ce7uraCpAWsqJMa3AT2w4IdoyymGabacGEkIHpActRyURYMLJPPQUnzqli2Ol3UiL5+rXiwkRxoxF5DYFsX3z05uJv3mt1MYX4YTJJLUg6eJRnHJsFZ41gLtMA7V87AihmrmsmPaJJtS6nrL/K6FeKgbl4uVtOV+5WtaRQcfoBBVQgM5RBd2gKqohioboAT2hZ2/kPXov3utidcVb3hyhb/DePgERspEC</latexit>

[see also Withers, JHEP (2019)]
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Puiseux theorem 
Around a critical point of order p, we expect p branches of solutions 
 
 
 
 
 
 
If some                  , we necessarily have a family of         solutions 

<latexit sha1_base64="JlczegKIulnrQUDH1vmv7FESL7I="></latexit>

f(x⇤ = 0, y⇤ = 0) = 0, @yf(0, 0) = 0, . . . , @p
yf(0, 0) 6= 0

<latexit sha1_base64="KehVCPsWRLJ9Z8ZAQ5455q2NNss="></latexit>

y = Yj(x) =
1X

k�k0

akx
k/mj , j = 1, . . . , p

<latexit sha1_base64="k+MFUMuJAImIEIM3ohWr63HbBp8=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKWQlqCcJevEYwTwgWcLsZDYZMzO7zPQKYclHePGgiFe/x5t/4+RxUFGwoKGo6qa7K0yksFipfHi5peWV1bX8emFjc2t7p7i717RxahhvsFjGph1Sy6XQvIECJW8nhlMVSt4KR1dTv3XPjRWxvsVxwgNFB1pEglF0Ukv17sgF8XvFkl+uzED+JiVYoN4rvnf7MUsV18gktbbjVxIMMmpQMMknhW5qeULZiA54x1FNFbdBNjt3Qo6c0idRbFxpJDP160RGlbVjFbpORXFof3pT8Tevk2J0HmRCJylyzeaLolQSjMn0d9IXhjOUY0coM8LdStiQGsrQJVT4XwjNk7J/Wq7eVEu1y0UceTiAQzgGH86gBtdQhwYwGMEDPMGzl3iP3ov3Om/NeYuZffgG7+0T+3COsQ==</latexit>

mj > 1
<latexit sha1_base64="RvBt6yMXJJ305x9d0Cqwkg1ojdY=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKWwkqMegF48RzQOSJcxOZpMxM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7wkQKi77/4eWWlldW1/LrhY3Nre2d4u5e08apYbzBYhmbdkgtl0LzBgqUvJ0YTlUoeSscXU791j03VsT6FscJDxQdaBEJRtFJN6p31yuWKmV/BvI3KcEC9V7xvduPWaq4RiaptZ2Kn2CQUYOCST4pdFPLE8pGdMA7jmqquA2y2akTcuSUPoli40ojmalfJzKqrB2r0HUqikP705uKv3mdFKPzIBM6SZFrNl8UpZJgTKZ/k74wnKEcO0KZEe5WwobUUIYuncL/QmielCun5ep1tVS7WMSRhwM4hGOowBnU4Arq0AAGA3iAJ3j2pPfovXiv89act5jZh2/w3j4BWKWN2g==</latexit>

mj

<latexit sha1_base64="OZw+v+Ah8eHnbMQhqX92nqbp0Mw="></latexit>

y = Yl(x) =
1X

k�k0

ak
⇣
e

2⇡il
mj

⌘k

xk/mj , l = 0, 1, . . . ,mj � 1

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

• recall: sound
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Darboux theorem 
Consider a power series  
 
that converges up to a critical point of order                       , which can be computed 
 
 
 
 
as well as all coefficients in the expansion and subleading (non-singular) terms

<latexit sha1_base64="BybYhj28QxEEl1JwSkkJhexf9ts=">AAACCXicjVDLSgMxFM3UV62vqks3wSLUTZmRom4KRTcuK9gHdKZDJs20oUlmSDLCdOjWjb/ixoUibv0Dd/6N6WOhouCBC4dzziW5J4gZVdq2P6zc0vLK6lp+vbCxubW9U9zda6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC6nfvuWSEUjcaPTmHgcDQQNKUbaSH4RhuXxMaxBVyXcz0TNnvRcKkKdQuQLOO6ZSMmp2DPAv0kJLNDwi+9uP8IJJ0JjhpTqOnasvQxJTTEjk4KbKBIjPEID0jVUIE6Ul80umcAjo/RhGEkzQsOZ+nUjQ1yplAcmyZEeqp/eVPzN6yY6PPcyKuJEE4HnD4UJgzqC01pgn0qCNUsNQVhS81eIh0girE15hf+V0DqpOKeV6nW1VL9Y1JEHB+AQlIEDzkAdXIEGaAIM7sADeALP1r31aL1Yr/Nozlrs7INvsN4+Abx8mSA=</latexit>

f(z) =
1X

n=0

anz
n

<latexit sha1_base64="fwksvEyFKjPj9sUFr6QC4kM/MhM="></latexit>

f(z) ⇠ (z � z1)
�⌫ [=1/2] r(z)+ q(z)

<latexit sha1_base64="WQL04oD15hy60sEnGG2WKgCyAD8=">AAACG3icjVBNS8NAEN34WetX1KOXxSK0B0tSRL0IRS8eFawKTQyb7aZdursJuxMhDf0fXvwrXjwo4knw4L8xrT2oKPhg4PHeDDPzwkRwA47zbk1Nz8zOzZcWyotLyyur9tr6hYlTTVmLxiLWVyExTHDFWsBBsKtEMyJDwS7D/vHIv7xh2vBYnUOWMF+SruIRpwQKKbAbujqoYXyIPZPKIJeHzvDa4yqCDOtAYk+wCKqDnUHgepp3e1C7loFdcevOGPhvUkETnAb2q9eJaSqZAiqIMW3XScDPiQZOBRuWvdSwhNA+6bJ2QRWRzPj5+Lch3i6UDo5iXZQCPFa/TuREGpPJsOiUBHrmpzcSf/PaKUQHfs5VkgJT9HNRlAoMMR4FhTtcMwoiKwihmhe3YtojmlAo4iz/L4SLRt3dq++e7VaaR5M4SmgTbaEqctE+aqITdIpaiKJbdI8e0ZN1Zz1Yz9bLZ+uUNZnZQN9gvX0A0VegFw==</latexit>

r(z) =
1X

m=0

rm (z � z1)
m

<latexit sha1_base64="geuBe9+2YLqIEeubvFLobnSGoyw="></latexit>

rm = lim
n!1

"
(�1)m�⌫n!zn�m+⌫

1 an
(⌫ �m)n

�
m�1X

k=0

(�1)m�k(⌫ � k)nrk

(⌫ �m)nz
m�k
1

#

<latexit sha1_base64="D3FSovZT7/uJLY0VnpYBJQ9/r0w="></latexit>

qm = lim
n!1

"
nX

k=0

(�1)n+m�kn!(⌫)n�kak

(�⌫ �m)n(n� k)!zm�k
1

�
m�1X

k=0

(�1)k�m(�⌫ � k)nqk

(�⌫ �m)nz
m�k
1

#

<latexit sha1_base64="i56X56nYEgpdam6YNkP8BbR4PhA="></latexit>

⌫ = lim
n!1


z1(n+ 1)

an+1

an
� n

�

<latexit sha1_base64="sgumIfzncWXa/1wUVUaRnWrHMJE=">AAAB9XicjVDLSsNAFL2pr1pfVZduBovgQmsiRd0IRTcuK9gHJLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnD4WKgoeuHA4517u4QQJZ0rb9odVmJtfWFwqLpdWVtfWN8qbWy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB8PLsd++o1KxWNzoLKF+hPuChYxgbaRbT6TIO0Du+aFzlPjdcsWp2hOgv0kFZmh0y+9eLyZpRIUmHCvlOnai/RxLzQino5KXKppgMsR96hoqcESVn09Sj9CeUXoojKUZodFE/XqR40ipLArMZoT1QP30xuJvnpvq8MzPmUhSTQWZPgpTjnSMxhWgHpOUaJ4ZgolkJisiAywx0aao0v9KaB1XnZNq7bpWqV/M6ijCDuzCPjhwCnW4ggY0gYCEB3iCZ+veerRerNfpasGa3WzDN1hvnzi3kQs=</latexit>

⌫ [= �1/p]
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Darboux theorem 
 
Need generalisation to  
different configurations of 
critical points

• Potential problem: need to know either location of the critical point or exponent… 
but this is resolved by following Hunter and Guerrieri (1980), which we generalise


• Moreover, assume we only know a finite number of coefficients:
<latexit sha1_base64="h2rputcpbyEQ2ddX8bamFofgRSU="></latexit>

X0
n(⌫, z1) = an

Xm+1
n (⌫, z1) = Xm

n (⌫, z1)�
(n+ ⌫ � 2m� 1)

nz1
Xm

n�1(⌫, z1), for m � 0

<latexit sha1_base64="9S3mOxdyLulVd0TDkThjNlk2mFE="></latexit>

X
m
n (⌫, z1) ⇠

1X

k=m

(�1)k+m�⌫
k!(⌫ � k)n�mrk

n!(k �m)!zn+⌫�k
1

⇠ O(n⌫�2m�1)

<latexit sha1_base64="gFsIZVYoNWg0RBO7xXTQxb43sp0=">AAACAHicjVBNS8NAEJ3Ur1q/oh48eFksgodSEinqRSh68SQVbCu0IWw2m3bpZhN2N0IJ9eBf8eJBEa/+DG/+G7cfBxUFHww83pthZl6Qcqa043xYhbn5hcWl4nJpZXVtfcPe3GqpJJOENknCE3kTYEU5E7Spmeb0JpUUxwGn7WBwPvbbt1QqlohrPUypF+OeYBEjWBvJt3ewLyroDgl0ipwK6vIw0aqCLn277FadCdDfpAwzNHz7vRsmJIup0IRjpTquk2ovx1Izwumo1M0UTTEZ4B7tGCpwTJWXTx4YoX2jhChKpCmh0UT9OpHjWKlhHJjOGOu++umNxd+8TqajEy9nIs00FWS6KMo40gkap4FCJinRfGgIJpKZWxHpY4mJNpmV/hdC67DqHlVrV7Vy/WwWRxF2YQ8OwIVjqMMFNKAJBEbwAE/wbN1bj9aL9TptLVizmW34BuvtEynDlDg=</latexit>

an, n = 0, . . . , N

<latexit sha1_base64="UkSBvr4QCWQ6eVal/jr/flhUb1Q="></latexit>

X1
N = 0, X1

N�1 = 0 �! Xm
N = 0, Xm

N�1 = 0
<latexit sha1_base64="qjfAZl5DKWjJUOdHUbJ46dFJVVo=">AAAB8XicjVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxgnlgsoTZyWwyZHZ2mekV4hK/wosHRbz6N978GyePg4qCBQ1FVTfdXUEihUHX/XByC4tLyyv51cLa+sbmVnF7p2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5M/OYt10bE6hpHCfcj2lciFIyilW7uut4RuScdlXaLJa/sTkH+JiWYo9Ytvnd6MUsjrpBJakzbcxP0M6pRMMnHhU5qeELZkPZ521JFI278bHrxmBxYpUfCWNtSSKbq14mMRsaMosB2RhQH5qc3EX/z2imGZ34mVJIiV2y2KEwlwZhM3ic9oTlDObKEMi3srYQNqKYMbUiF/4XQOC57J+XKVaVUPZ/HkYc92IdD8OAUqnAJNagDAwUP8ATPjnEenRfnddaac+Yzu/ANztsna12QHQ==</latexit>

z1, ⌫iteration
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Darboux theorem

• Similarly, define 
 
 
 
 
 
 
 
 
 
 
 
 
subleading parts of the function (recall: q) follow  
in an analogous way


• We also extended this algorithm to several  
critical points in different configurations

<latexit sha1_base64="CakcnIbrecBWA4bf7D8GLsfz8FM="></latexit>

Y 0
`,n(⌫, z1) = an

Y m+1
`,n (⌫, z1) = Y m

`,n(⌫, z1)�
(n+ ⌫ � 2m� `� 2)

nz1
Y m
`,n�1(⌫, z1), for m � 0

<latexit sha1_base64="GdxaBHyztveJJH7fsue4s+Jhzdw="></latexit>

Y m
`,n ⇠

X̀

k=0

(�1)k�⌫(m+ `� k)!(⌫ � k)n�mrk

n!(`� k)!zn+⌫�k
1

+O(n⌫�2m�`�2)

<latexit sha1_base64="HmadOhjQL1lfUC0FraYyRlZVVww="></latexit>

r` = lim
n!1

"
(�1)`�⌫n!zn+⌫�`

1

m!(⌫ � `)n�m
Y m
`,n �

`�1X

k=0

✓
m+ `� k

m

◆
(�1)`�k(⌫ � k)n�mrk

(⌫ � `)n�mz`�k
1

#
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R E C O N S T R U C T I O N  O F  ‘ A L L’  U V  M O D E S

claim: systematic reconstruction of all modes connected via level-crossing is possible by 
exploration (analytic continuations) of the Riemann surface connecting physical modes


• momentum space analogue of resurgence in position space — everything is convergent! 


• see related papers by Bender, et.al; Dunne, et.al.; Withers, JHEP (2019); …
<latexit sha1_base64="Ft8xQS7CNz1CPM6C7wsZ2nWBEZU=">AAACEHicjVDLSgMxFM34rPVVdekmWMS6KTNS1E2h6MZlBfuAznTIpJk2NMkMSUaYDv0EN/6KGxeKuHXpzr8xfSxUFDxw4XDOuST3BDGjStv2h7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw8uJ37olUtFI3Og0Jh5HfUFDipE2kl84ciNO+si3S6NjWIWuSrifiao97rpUhDqFyBdw1DXJolO2p4B/kyKYo+4X3t1ehBNOhMYMKdVx7Fh7GZKaYkbGeTdRJEZ4iPqkY6hAnCgvmx40hodG6cEwkmaEhlP160aGuFIpD0ySIz1QP72J+JvXSXR47mVUxIkmAs8eChMGdQQn7cAelQRrlhqCsKTmrxAPkERYmw7z/yuheVJ2TsuV60qxdjGvIwf2wQEoAQecgRq4AnXQABjcgQfwBJ6te+vRerFeZ9EFa76zB77BevsE+0ub9A==</latexit>

!0(z) =
1X

n=0

anz
n

<latexit sha1_base64="a1q/0CDV7cmoBDV1E2Xsn827aMo="></latexit>

!0(z) = �i
1X

n=0

e
i⇡n
2 bn(z � z1)

n/2

<latexit sha1_base64="9qUkg7sl9PR71ffhl4fb8kZRWYU="></latexit>

!1(z) = �i
1X

n=0

e�
i⇡n
2 bn(z � z1)

n/2

conceptually fascinating! all UV modes one IR mode
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E X A M P L E :  M O M E N T U M  D I F F U S I O N  O F  M 2  B R A N E S

• start from 300 coefficients


• analyse convergence and get a non-rigorous hint for the number of critical points

<latexit sha1_base64="E4YgV2BojjivSHRR4XfJTtxVffU="></latexit>

w0(z) =
N0=300X

n=1

anz
n, z ⌘ q2 ⌘ q2/4⇡2T 2

• use algorithm with 2 complex conjugate critical points and ‘recover’ 12 coefficients
<latexit sha1_base64="IFE8jq38qOsWcBHTZUlThlJnoto="></latexit>

w1(z) =

(N1=12)�1X

n=0

bn(z � z1)
n/2

• the gap: analytic continuation within the same sheet 
(e.g. Padé approximant, conformal maps…)

<latexit sha1_base64="WFBTgWkH6dRB2xyWVlBGPD9f/kw="></latexit>

wcalc
1 (0) = 1.23506� 1.76338i

w(0) = 1.23455� 1.77586i
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E X A M P L E :  M O M E N T U M  D I F F U S I O N  O F  M 2  B R A N E S

• this is not good enough to continue; 
as a proof of principle, we (re)compute the first 300 coefficients


• analyse convergence and get a non-rigorous hint for the number of critical points

<latexit sha1_base64="CEHmOWYi6cIQ8X5i5eKe5+xCKDw=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMhszPLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGV1O/dc+NFVrd4TjlYUIHSsSCUXTSbdRTvXIlqPozkL9JBRao98rv3b5mWcIVMkmt7QR+imFODQom+aTUzSxPKRvRAe84qmjCbZjPTp2QI6f0SayNK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kKlGXLF5oviTBLUZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTirnt6cVmqXiziKcACHcAwBnEMNrqEODWAwgAd4gmdPeo/ei/c6by14i5l9+Abv7RNN843T</latexit>

bn

• using algorithm with 2 general critical points and ‘recover’ 12 coefficients

• the gap: analytic continuation within the same sheet


• … exploration continues … 

<latexit sha1_base64="VJxMvtnZDth+TfjWIiEV6824aEY="></latexit>

w2(z) =

(N2=12)�1X

n=0

cn(z � z2)
n/2

<latexit sha1_base64="ySyqexQQ5dF1L06fSOWyJRkjJqI="></latexit>

wcalc
2 (0) = 2.16275� 3.25341i

w2(0) = 2.12981� 3.28100i
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E X A M P L E :  M O M E N T U M  D I F F U S I O N  O F  M 2  B R A N E S

• comparison with a Padé approximant from 300 coefficients [see also Withers, JHEP (2019)]


• Darboux appears to be superior in recovering the location of critical points and subsequent 
expansions

Darboux:

Padé:

to 18 significant figures

to 3 significant figures

<latexit sha1_base64="SdU/wsRWHMVtmp/Tg1q99giEk84=">AAAB6nicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jpu1BRcEHA4/3ZpiZFySCa+O6H05haXllda24XtrY3NreKe/utXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvsz99h0qzWN5ayYJ+hEdSh5yRo2Vbu77Xr9c8aruDORvUoEFGv3ye28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz2alTcmSVAQljZUsaMlO/TmQ00noSBbYzomakf3q5+JvXTU147mdcJqlByeaLwlQQE5P8bzLgCpkRE0soU9zeStiIKsqMTaf0vxBaJ1XvtFq7rlXqF4s4inAAh3AMHpxBHa6gAU1gMIQHeIJnRziPzovzOm8tOIuZffgG5+0TFg+Nrg==</latexit>z1
<latexit sha1_base64="SdU/wsRWHMVtmp/Tg1q99giEk84=">AAAB6nicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jpu1BRcEHA4/3ZpiZFySCa+O6H05haXllda24XtrY3NreKe/utXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvsz99h0qzWN5ayYJ+hEdSh5yRo2Vbu77Xr9c8aruDORvUoEFGv3ye28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz2alTcmSVAQljZUsaMlO/TmQ00noSBbYzomakf3q5+JvXTU147mdcJqlByeaLwlQQE5P8bzLgCpkRE0soU9zeStiIKsqMTaf0vxBaJ1XvtFq7rlXqF4s4inAAh3AMHpxBHa6gAU1gMIQHeIJnRziPzovzOm8tOIuZffgG5+0TFg+Nrg==</latexit>z1

• Padé appears to be superior in recovering the location of the gap

Darboux:

Padé:

to 2 significant figures

to 17 significant figures

<latexit sha1_base64="6PmtLLmgCmt6zhJtbfiqxt20biA=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahbkoiRV0W3bisYB/QhjCZTtqhk0mYmVhK7Ke4caGIW7/EnX/jpO1CRcEDFw7n3Ms9nCDhTGnH+bAKK6tr6xvFzdLW9s7unl3eb6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/lfueOSsVicaunCfUiPBQsZARrI/l2uR9hPQolHmeTme9WnRPfrrg1Zw70N6nAEk3ffu8PYpJGVGjCsVI910m0l2GpGeF0VuqniiaYjPGQ9gwVOKLKy+bRZ+jYKAMUxtKM0Giufr3IcKTUNArMZh5U/fRy8Tevl+rwwsuYSFJNBVk8ClOOdIzyHtCASUo0nxqCiWQmKyIjLDHRpq3S/0pon9bcs1r9pl5pXC7rKMIhHEEVXDiHBlxDE1pAYAIP8ATP1r31aL1Yr4vVgrW8OYBvsN4+AY4ek4s=</latexit>

w1(0)
<latexit sha1_base64="6PmtLLmgCmt6zhJtbfiqxt20biA=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahbkoiRV0W3bisYB/QhjCZTtqhk0mYmVhK7Ke4caGIW7/EnX/jpO1CRcEDFw7n3Ms9nCDhTGnH+bAKK6tr6xvFzdLW9s7unl3eb6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/lfueOSsVicaunCfUiPBQsZARrI/l2uR9hPQolHmeTme9WnRPfrrg1Zw70N6nAEk3ffu8PYpJGVGjCsVI910m0l2GpGeF0VuqniiaYjPGQ9gwVOKLKy+bRZ+jYKAMUxtKM0Giufr3IcKTUNArMZh5U/fRy8Tevl+rwwsuYSFJNBVk8ClOOdIzyHtCASUo0nxqCiWQmKyIjLDHRpq3S/0pon9bcs1r9pl5pXC7rKMIhHEEVXDiHBlxDE1pAYAIP8ATP1r31aL1Yr4vVgrW8OYBvsN4+AY4ek4s=</latexit>

w1(0)

Note: we used Padé within the same sheet


• if exact critical point is used, then Padé works spectacularly

Padé: to 26 significant figures and 80 coefficients       to at least 10 significant figures
<latexit sha1_base64="6PmtLLmgCmt6zhJtbfiqxt20biA=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahbkoiRV0W3bisYB/QhjCZTtqhk0mYmVhK7Ke4caGIW7/EnX/jpO1CRcEDFw7n3Ms9nCDhTGnH+bAKK6tr6xvFzdLW9s7unl3eb6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/lfueOSsVicaunCfUiPBQsZARrI/l2uR9hPQolHmeTme9WnRPfrrg1Zw70N6nAEk3ffu8PYpJGVGjCsVI910m0l2GpGeF0VuqniiaYjPGQ9gwVOKLKy+bRZ+jYKAMUxtKM0Giufr3IcKTUNArMZh5U/fRy8Tevl+rwwsuYSFJNBVk8ClOOdIzyHtCASUo0nxqCiWQmKyIjLDHRpq3S/0pon9bcs1r9pl5pXC7rKMIhHEEVXDiHBlxDE1pAYAIP8ATP1r31aL1Yr4vVgrW8OYBvsN4+AY4ek4s=</latexit>

w1(0)
<latexit sha1_base64="CEHmOWYi6cIQ8X5i5eKe5+xCKDw=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMhszPLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGV1O/dc+NFVrd4TjlYUIHSsSCUXTSbdRTvXIlqPozkL9JBRao98rv3b5mWcIVMkmt7QR+imFODQom+aTUzSxPKRvRAe84qmjCbZjPTp2QI6f0SayNK4Vkpn6dyGli7TiJXGdCcWh/elPxN6+TYXwR5kKlGXLF5oviTBLUZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTirnt6cVmqXiziKcACHcAwBnEMNrqEODWAwgAd4gmdPeo/ei/c6by14i5l9+Abv7RNN843T</latexit>

bn

• unsurprising conclusion: combination of numerical methods is best


• is this useful for a reconstruction? conceptually yes, practically not quite (yet)… 



P O L E - S K I P P I N G  A N D   
T H E  R E C O N S T R U C T I O N



• the Maldacena-Shenker-Stanford bound on exponential Lyapunov chaos


• in finite-N systems, quantum chaos spreads polynomially with a bounded rate of growth — 
weak quantum chaos [Kukuljan, SG, Prosen, PRB (2017)]

C H A O S

• classical chaos means extreme  
sensitivity to initial conditions


• “what is quantum chaos?”  
a measure: “out-of-time-ordered” correlation functions [Larkin, Ovchinnikov; Kitaev] 
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t = ti
<latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit>

butterfly velocityLyapunov exponent

|�Z(t,x)| ⇡ |�Z(ti,xi)| e�L(t�|x|/vB)
<latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit>

C(t,x) =
⌦
[W (t,x), V (0,0)]†[W (t,x), V (0,0)]

↵
T
⇠ ✏ e�L(t�|x|/vB)

<latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit>

‘quantum’ Lyapunov exponent butterfly velocity

OTOC of

OTOC of
�L  2⇡T/~

<latexit sha1_base64="+aCwkNCcmv+Humhuo/8dRm1sMTo=">AAACB3icjVC7SgNBFJ2Nrxhfq5aCDAbBKu6GgNoFbSwsIuQF2WW5OzubDJl9ODMrhCWdjb9iY6GIrb9g5984eRQqCh64cDjnXGbu8VPOpLKsD6OwsLi0vFJcLa2tb2xumds7bZlkgtAWSXgiuj5IyllMW4opTrupoBD5nHb84cXE79xSIVkSN9UopW4E/ZiFjIDSkmfuO1yHA/CusMPpDa5iJ2W4iY+xM/BBeGbZrlhT4L9JGc3R8Mx3J0hIFtFYEQ5S9mwrVW4OQjHC6bjkZJKmQIbQpz1NY4iodPPpHWN8qJUAh4nQEys8Vb9u5BBJOYp8nYxADeRPbyL+5vUyFZ66OYvTTNGYzB4KM45Vgiel4IAJShQfaQJEMP1XTAYggChdXel/JbSrFbtWObuulevn8zqKaA8doCNkoxNUR5eogVqIoDv0gJ7Qs3FvPBovxussWjDmO7voG4y3Txpal48=</latexit>

<latexit sha1_base64="/zm82IJF3lO0z7PXnSdN947bbO8=">AAACFXicjVA9SwNBEN2LXzF+RS1tFoOQQIyJiFqG2FhYKBgTyMVjbzPRJXt7x+6cJBz5Ezb+FRsLRWwFO/+Nm5hCRcEHA4/3ZmZ3nh9JYbBcfndSU9Mzs3Pp+czC4tLySnZ17cKEseZQ56EMddNnBqRQUEeBEpqRBhb4Ehp+72jkN25AGxGqcxxE0A7YlRJdwRlaycsWj/JY7Beoa0RAXYiMkKFyi3CZuNJu6TDvJI/b/Z0br1YYetlcpVQeg/5NcmSCUy/75nZCHgegkEtmTKtSjrCdMI2CSxhm3NhAxHiPXUHLUsUCMO1kfNWQblmlQ7uhtqWQjtWvEwkLjBkEvu0MGF6bn95I/M1rxdg9bCdCRTGC4p8PdWNJMaSjiGhHaOAoB5YwroX9K+XXTDOONsjM/0K42C1V9kt7Z3u5am0SR5pskE2SJxVyQKrkmJySOuHkltyTR/Lk3DkPzrPz8tmaciYz6+QbnNcPUQCdsQ==</latexit>

C(t, x) ⇠ ✏ e�L(t�x/vB)



• precise analytic connection between ‘low-energy’ hydrodynamics and quantum chaos 
[SG, Schalm, Scopelliti, PRL (2017); Blake, Lee, Liu, JHEP (2018); Blake, Davison,  
SG, Liu, JHEP (2018); SG, JHEP (2019)]


• resumed all-order hydrodynamic series (e.g. sound) 
 
passes through a “chaos point” at imaginary momentum 
 
 
 
where the associated 2-pt function is “0/0”:
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C H A O S  F R O M  H Y D R O DY N A M I C S :  P O L E - S K I P P I N G

• triviality of Einstein’s equations at the horizon [Blake, Davison, SG, Liu, JHEP (2018)]


• infinite constraints on correlators  
[SG, Kovtun, Starinets, Tadić, JHEP (2019);  
Blake, Davison, Vegh, JHEP (2019)]

!(q = i�L/vB) = i�L = 2⇡Ti

<latexit sha1_base64="jJ50BD0MLIwNZRlYmG8xTf6sF9g=">AAACIHicjVDLSgMxFM34rPVVdenmYhHqpk5LoboolLpx4aJCX9ApQybNtKGZyZhkCqX0U9z4K25cKKI7/RrTx0KLggcuHM65h+QeL+JMadv+sFZW19Y3NhNbye2d3b391MFhQ4lYElonggvZ8rCinIW0rpnmtBVJigOP06Y3uJr6zSGViomwpkcR7QS4FzKfEayN5KaKjghoD2fuoAQMHG6SXezewDkM3crZkliCPDgRgxowN5XOZe0Z4G+SRgtU3dS70xUkDmioCcdKtXN2pDtjLDUjnE6STqxohMkA92jb0BAHVHXGswMncGqULvhCmgk1zNTviTEOlBoFntkMsO6rZW8q/ua1Y+1fdMYsjGJNQzJ/yI85aAHTtqDLJCWajwzBRDLzVyB9LDHRptPk/0po5LO5QvbytpAuVxZ1JNAxOkEZlENFVEbXqIrqiKB79Iie0Yv1YD1Zr9bbfHXFWmSO0A9Yn19rpZ9q</latexit>

ResG""
R (! = i�L, q = i�L/vB) = 0

<latexit sha1_base64="dey/kE208Vg+KROzc3Wv13EuOsM="></latexit>

!(q) =
1X

n=1

↵n (T, µi, hOji,�) q
n

<latexit sha1_base64="To9yxa+mzYJakn3WRao+JdZjwrM="></latexit>

[from Blake,  
Davison,  

Vegh,  
JHEP (2019)]

<latexit sha1_base64="9MttCSUyPNYt7xKvzgI5jYLWm0I=">AAACB3icjVDLSgMxFM3UV62vUZeCBItQF5aZUtSNUHTjskJf0BmGTJppQzPJmGSEMnTnxl9x40IRt/6CO//G9LFQUfDAhcM593LvPWHCqNKO82HlFhaXllfyq4W19Y3NLXt7p6VEKjFpYsGE7IRIEUY5aWqqGekkkqA4ZKQdDi8nfvuWSEUFb+hRQvwY9TmNKEbaSIG974mY9FHAYekm4EfwHB7DipdQ2IAUchjYRbfsTAH/JkUwRz2w372ewGlMuMYMKdV1nUT7GZKaYkbGBS9VJEF4iPqkayhHMVF+Nv1jDA+N0oORkKa4hlP160SGYqVGcWg6Y6QH6qc3EX/zuqmOzvyM8iTVhOPZoihlUAs4CQX2qCRYs5EhCEtqboV4gCTC2kRX+F8IrUrZPSlXr6vF2sU8jjzYAwegBFxwCmrgCtRBE2BwBx7AE3i27q1H68V6nbXmrPnMLvgG6+0TrIaWoA==</latexit>

!n(qn) = �2⇡Tin



• consider diffusion in a neutral 3d CFT dual to AdS4-Schwarzschild
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D I F F U S I O N  A N D  S P E C I A L  P O L E - S K I P P I N G  P O I N T S

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

<latexit sha1_base64="9MttCSUyPNYt7xKvzgI5jYLWm0I=">AAACB3icjVDLSgMxFM3UV62vUZeCBItQF5aZUtSNUHTjskJf0BmGTJppQzPJmGSEMnTnxl9x40IRt/6CO//G9LFQUfDAhcM593LvPWHCqNKO82HlFhaXllfyq4W19Y3NLXt7p6VEKjFpYsGE7IRIEUY5aWqqGekkkqA4ZKQdDi8nfvuWSEUFb+hRQvwY9TmNKEbaSIG974mY9FHAYekm4EfwHB7DipdQ2IAUchjYRbfsTAH/JkUwRz2w372ewGlMuMYMKdV1nUT7GZKaYkbGBS9VJEF4iPqkayhHMVF+Nv1jDA+N0oORkKa4hlP160SGYqVGcWg6Y6QH6qc3EX/zuqmOzvyM8iTVhOPZoihlUAs4CQX2qCRYs5EhCEtqboV4gCTC2kRX+F8IrUrZPSlXr6vF2sU8jjzYAwegBFxwCmrgCtRBE2BwBx7AE3i27q1H68V6nbXmrPnMLvgG6+0TrIaWoA==</latexit>

!n(qn) = �2⇡Tin

[from Blake, Davison,  
Vegh, JHEP (2019)]

analytic result known for 4d bulk 
[Grozdanov, PRL (2021)]

<latexit sha1_base64="D/3cNGwqZRfgEh+m3xOo0LKt+OE=">AAACH3icjZBLSwMxFIUzPmt9jbp0EyyCi1JndFA3haIblxXsAzq1ZNKMBjOZMbkjlGH8JW78K25cKCLu/Demj4WKggcCh3PuJckXJIJrcJwPa2p6ZnZuvrBQXFxaXlm119abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLrk2HfumVK81iewyBh3YhcSh5ySsBEPfvgpidxFfuhIjTz/ITj8zzz9Y2CbD/PsbzI3F0vL99hWXXKbnmv7It+DLpnl9yKMxL+25TQRPWe/e73Y5pGTAIVROuO6yTQzYgCTgXLi36qWULoNblkHWMliZjuZqP/5XjbJH0cxsocCXiUft3ISKT1IArMZETgSv/shuFvXSeF8KibcZmkwCQdXxSmAkOMh7BwnytGQQyMIVRx81ZMr4hBBQZp8X8QmnsV96DinXml2vEERwFtoi20g1x0iGroFNVRA1F0jx7RM3qxHqwn69V6G49OWZOdDfRN1scnIrOhKg==</latexit>

qn =
4⇡Tp

3
n1/4, n = 0, 1, 2, . . .

why not in 5d or higher?
for increasing real q



• gravity in 4d has a special duality structure between sound/shear (even/odd)  
channels of perturbations [Chandrasekhar (1983); … SG, Vrbica (2023)]


• relation (Darboux transformation) between fluctuations of 4d black holes with arbitrary 
maximally symmetric horizon topology (spherical, flat, hyperbolic) and arbitrary 
cosmological constant (dS, Minkowski, AdS)
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<latexit sha1_base64="QEh4oU1ROh/wJ+5KC+UDaGDjgXM="></latexit>

L+L� + =
�
!2 � !̃2

�
 +

L�L+ � =
�
!2 � !̃2

�
 �

<latexit sha1_base64="xjiIS/Wuf77GWL6y4cDgm57VD5A="></latexit>

L± = W (r)± d

dr⇤
, !̃ = i

µ (µ� 2K)

12M
<latexit sha1_base64="AxpZ34RnGF8mAbgKv71yGwF0TRY=">AAACE3icjVDLSgMxFM3UV62vUZdugkVoVcpMKeqmUHQjuKlgH9AZSyZN29BMZkwyQhnab3Djr7hxoYhbN+78GzNtFyoKHkg4nHMv997jhYxKZVkfRmpufmFxKb2cWVldW98wN7fqMogEJjUcsEA0PSQJo5zUFFWMNENBkO8x0vAGZ4nfuCVC0oBfqWFIXB/1OO1SjJSW2ua+40e5i7Kdh2XoEMZgLvkP7PzheAynnpV4N9fFtpm1C9YE8G+SBTNU2+a70wlw5BOuMENStmwrVG6MhKKYkVHGiSQJER6gHmlpypFPpBtPbhrBPa10YDcQ+nEFJ+rXjhj5Ug59T1f6SPXlTy8Rf/NakeqeuDHlYaQIx9NB3YhBFcAkINihgmDFhpogLKjeFeI+EggrHWPmfyHUiwX7qFC6LGUrp7M40mAH7IIcsMExqIBzUAU1gMEdeABP4Nm4Nx6NF+N1WpoyZj3b4BuMt0+DI5os</latexit>

µ(K = 1) = `(`+ 1), µ(K = 0) = q2

• algebraically special  
solutions: 
 


• pole-skipping points split into two categories: 
algebraically special and common

<latexit sha1_base64="jZ9Pe4m+6XDkTMWbycZ8n9TdKKk=">AAACGHicjVBNS8MwGE7n15xfVY9egkMQ5mYrQ70IQy8ePExwH7CWkqbpFpZ+LEmFUfYzvPhXvHhQxOtu/huzrgcVBV9IeD7elzd53JhRIQ3jQyssLC4trxRXS2vrG5tb+vZOW0QJx6SFIxbxrosEYTQkLUklI92YExS4jHTc4dXM79wTLmgU3slxTOwA9UPqU4ykkhz92IoFdarwAt6oOyOVI2iNRgnycpp5lTmpOnrZrBlZwb9BGeTVdPSp5UU4CUgoMUNC9EwjlnaKuKSYkUnJSgSJER6iPukpGKKACDvNPjaBB0rxoB9xdUIJM/XrRIoCIcaBqzoDJAfipzcTf/N6ifTP7ZSGcSJJiOeL/IRBGcFZStCjnGDJxgogzKl6K8QDxBGWKsvS/0Jon9TM01r9tl5uXOZxFMEe2AeHwARnoAGuQRO0AAYP4Am8gFftUXvW3rT3eWtBy2d2wbfSpp/Nq50l</latexit>

 � = L� +,  + = L+ �

<latexit sha1_base64="P6Xg6UWG4d+qiE/zDrvO6vDHCbs=">AAACA3icjZBLSwMxFIUzPmt9jbrTTbAIrspMKepGKLpxWcE+oDOWTOZOG5rMDElGKEPBjX/FjQtF3Pon3PlvTB+CioIHAofv3EuSE6ScKe0479bc/MLi0nJhpbi6tr6xaW9tN1WSSQoNmvBEtgOigLMYGpppDu1UAhEBh1YwOB/nrRuQiiXxlR6m4AvSi1nEKNEGde1dLxHQI9cVfIo9zXgI+JN07ZJbdibCf5sSmqnetd+8MKGZgFhTTpTquE6q/ZxIzSiHUdHLFKSEDkgPOsbGRIDy88kfRvjAkBBHiTQn1nhCv27kRCg1FIGZFET31c9sDH/LOpmOTvycxWmmIabTi6KMY53gcSE4ZBKo5kNjCJXMvBXTPpGEalNb8X8lNCtl96hcvayWamezOgpoD+2jQ+SiY1RDF6iOGoiiW3SPHtGTdWc9WM/Wy3R0zprt7KBvsl4/AFH/lrA=</latexit>

!2 = !̃2

<latexit sha1_base64="kvh+Fro61MbeYLOIXvaQLtqf1I0=">AAACGHicjZBNS8MwHMZTX+d8q3r0EhyCoJutDPUiDL142GGCe4G1lDTNtrA0LUkqjLJ9Cy9+FS8eFPG6m9/GdNthioIPBB6e3/9PksePGZXKsj6NhcWl5ZXV3Fp+fWNza9vc2W3IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0+/fZLz5QISkEb9Xg5i4Iepy2qEYKR155mnVK0JHURYQ6MSSesfwCloncDSCVe3nSTEjnlmwS9ZE8G9TADPVPHPsBBFOQsIVZkjKtm3Fyk2RUBQzMsw7iSQxwn3UJW1tOQqJdNPJx4bwUCcB7ERCH67gJJ3fSFEo5SD09WSIVE/+ZFn4G2snqnPpppTHiSIcTy/qJAyqCGYtwYAKghUbaIOwoPqtEPeQQFjpLvP/K6FxVrLPS+W7cqFyPasjB/bBATgCNrgAFXALaqAOMHgEz+AVvBlPxovxbnxMRxeM2c4e+CZj/AUwaZy/</latexit>

L� ̃+ = 0, L+ ̃� = 0
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new claim: in holographic theories of the type discussed here (N=4 SYM, M2, M5, …),  
the entire spectrum can be computed from only a discrete set of pole-skipping points

• how much information is required to reconstruct a QFT spectrum? 
 
if all modes are connected via level-crossing, then just the knowledge of any one  
 
in general, I do not know, but… 

<latexit sha1_base64="rhhKl7RSb3W3EjbC7TmjTjnytr0=">AAAB8nicjVDLSgNBEJyNrxhfUY9eBoMQL2FXgnoMevEYwcTAZgmzk95kyDzWmVkhLPkMLx4U8erXePNvnDwOKgoWNBRV3XR3xSlnxvr+h1dYWl5ZXSuulzY2t7Z3yrt7baMyTaFFFVe6ExMDnEloWWY5dFINRMQcbuPR5dS/vQdtmJI3dpxCJMhAsoRRYp0UdpWAAemx6t1xr1wJav4M+G9SQQs0e+X3bl/RTIC0lBNjwsBPbZQTbRnlMCl1MwMpoSMygNBRSQSYKJ+dPMFHTunjRGlX0uKZ+nUiJ8KYsYhdpyB2aH56U/E3L8xsch7lTKaZBUnni5KMY6vw9H/cZxqo5WNHCNXM3YrpkGhCrUup9L8Q2ie14LRWv65XGheLOIroAB2iKgrQGWqgK9RELUSRQg/oCT171nv0XrzXeWvBW8zso2/w3j4BtQSQ4w==</latexit>

!i(q)

[SG, Lemut, Pedraza, to appear]

<latexit sha1_base64="9MttCSUyPNYt7xKvzgI5jYLWm0I=">AAACB3icjVDLSgMxFM3UV62vUZeCBItQF5aZUtSNUHTjskJf0BmGTJppQzPJmGSEMnTnxl9x40IRt/6CO//G9LFQUfDAhcM593LvPWHCqNKO82HlFhaXllfyq4W19Y3NLXt7p6VEKjFpYsGE7IRIEUY5aWqqGekkkqA4ZKQdDi8nfvuWSEUFb+hRQvwY9TmNKEbaSIG974mY9FHAYekm4EfwHB7DipdQ2IAUchjYRbfsTAH/JkUwRz2w372ewGlMuMYMKdV1nUT7GZKaYkbGBS9VJEF4iPqkayhHMVF+Nv1jDA+N0oORkKa4hlP160SGYqVGcWg6Y6QH6qc3EX/zuqmOzvyM8iTVhOPZoihlUAs4CQX2qCRYs5EhCEtqboV4gCTC2kRX+F8IrUrZPSlXr6vF2sU8jjzYAwegBFxwCmrgCtRBE2BwBx7AE3i27q1H68V6nbXmrPnMLvgG6+0TrIaWoA==</latexit>

!n(qn) = �2⇡Tin wshear = �i
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= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

[from Blake, Davison, Vegh,  
JHEP (2019)]



S U M M A R Y  A N D   
F U T U R E  D I R E C T I O N S
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• complex analytic structures of transport are a powerful tool for exploring physics 


• claim: in some QFTs reconstruction of a spectrum is possible all the way from IR to UV


• in momentum space we can deal with convergent series, but, ‘morally’, this is equivalent  
to resurgence in position space


• useful not only in QFTs but also for QNM reconstructions and other similar problems


• improve practical aspects of reconstructions given a limited number of known coefficient


• can these techniques be used in realistic QFTs (Euler-Heisenberg, chiral Lagrangian)?


• new ‘classification’ of pole-skipping points in 3d CFTs


• extensions to higher dimensions?


• claim: reconstruction is possible from a discrete set of pole-skipping points

S U M M A R Y  A N D  F U T U R E  D I R E C T I O N S
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