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Fermi surfaces, free electrons

kF

εF

k

ε(k)

G(ω, k) ∼ 1

ω − ε(k)
+ iδ(ω − ε(k))

kF
k

ρ(0, k)

ρ(ω, k) = Tr ImG(ω, k)

∼ δ(ω − ε(k))
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(Non)-Fermi liquids
Fermi liquid: weak electronic interactions

G(ω, k) =
1

G0(ω, k)−1 − Σ(ω, k)

• |Im Σ| � 1 near ω = 0, k = kF

• Sharp quasiparticle peak

• Sharp Fermi surface kF
k

ρ(0, k)
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G(ω, k) =
1

G0(ω, k)−1 − Σ(ω, k)

• |Im Σ| � 1 near ω = 0, k = kF

• Sharp quasiparticle peak

• Sharp Fermi surface kF
k

ρ(0, k)

Non-Fermi liquid: No quasiparticles

• Strong interactions
• Experimental example: cuprates

• Holography
kF ?

k

ρ(0, k)
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Nodal anti-nodal dichotomy in cuprates
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Ca2−xNaxCuO2Cl2:
[Shen, Ronning, Lu et al 2005]
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Heuristic mechanism

knka

Spectral function • Direction ka:
resonance peak

• Direction kn:
resonance peak +
continuum

• Continuum
broadens ka peak

kakn

Spectral function

Nodal
Antinodal

Antinodal⇔ continuum
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Disclaimer

• Will consider two-fold
rotational symmetry only

• Four-fold symmetry tricky
(More on this later)
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Review: Fermion spectral
functions in holography



Holographic fermions
Asymptotically-AdS4

ds2 r→∞
=

dr2

r2
+ r2

(
−dt2 + dx2 + dy2

)

Black brane horizon in bulk (at r = 0)
Probe fermion

S = i

∫
d4x
√
−G Ξ̄

(
/D −m

)
Ξ + (boundary terms)

Dual to boundary fermion operator (“electron”)
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Holographic fermions [Iqbal, Liu, 0809.3808]

Define projectors P± = 1
2 (1± Γr)

Projection Field theory interpretation

ψ ∝ P+Ξ lim
r→∞

r
3
2
−mψ = source for fermionic operator

χ ∝ −iP−Ξ lim
r→∞

r
3
2

+mχ ∝ VEV of fermionic operator

Green’s function
G(ω, k) = lim

r→∞
r2mΓ0χ

ψ

Retarded Green’s function: ingoing boundary conditions
[Son, Starinets, hep-th/0205051; Herzog, Son, hep-th/0212072]
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Extremal AdS–Reissner–Nordström

ds2 =
dr2

U(r)
− U(r) dt2 + V (r)

[
dx2 + dy2

]

A =
µr

r + 1
dt

U(r) =
r2(r2 + 4r + 6)

(r + 1)2

V (r) = (r + 1)2
r = 0

r = ∞

~E

Chemical potental µ
Extremal horizon at r = 0
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Extremal AdS–Reissner–Nordström
In appropriate basis: ψ = (ψ+, ψ−), χ = (χ+, χ−)
[Faulkner, Liu, McGreevy, Vegh, 0907.2694]

[√
U ∂r +mσ3 − ω + qAt√

U
(iσ2)± k√

V
σ1

](
χ±(r)

ψ±(r)

)
= 0

From now, will consider ψ+, χ+ only and drop plusses

Near Fermi surface: small ω — solve Dirac equation perturbatively?
Near horizon:

U(r) ≈ r2, V (r) ≈ 1, At(r) ≈ µr
ω√
U

always important at small enough r

10



Extremal AdS–Reissner–Nordström
In appropriate basis: ψ = (ψ+, ψ−), χ = (χ+, χ−)
[Faulkner, Liu, McGreevy, Vegh, 0907.2694]

[√
U ∂r +mσ3 − ω + qAt√

U
(iσ2)± k√

V
σ1

](
χ±(r)

ψ±(r)

)
= 0

From now, will consider ψ+, χ+ only and drop plusses

Near Fermi surface: small ω — solve Dirac equation perturbatively?
Near horizon:

U(r) ≈ r2, V (r) ≈ 1, At(r) ≈ µr
ω√
U

always important at small enough r

10



Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

Outer region:
[√

U ∂r +mσ3 − qAt√
U

(iσ2) +
k√
V
σ1

](
χ(r)

ψ(r)

)
= 0

Eliminate χ algebraically⇒ second order ODE for ψ

ψ(r) = Cf(r) +Dg(r)

Non-normalisable Normalisable

G(ω, k) ∝ D

C 11



Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

ψ(r) = Cf(r) +Dg(r) ⇒ G ∝ D

C
=
ψ(r0)f ′(r0)− ψ′(r0)f(r0)

ψ(r0)g′(r0)− ψ′(r0)g(r0)

Define (everything evaluated at r0)

a = mf − f ′
√
U b = f

(
qAtU

−1/2 − kV −1/2
)

c = mg − g′
√
U d = g

(
qAtU

−1/2 − kV −1/2
)
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Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

Replace ψ′ with χ using EOM:

G(ω, k) =
a+ bG
c+ dG , G =

χ(r0)

ψ(r0)

G = IR Green’s function

Compute G using solution in inner region
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Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

a, b, c, d ∈ R
ρ(ω, k) = ImG(ω, k) =

bc− ad
|c+ dG|2 ImG

Low frequency scaling of ImG determines low frequency scaling of ρ

Determine presence of continuum from ImG
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Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

Inner region:

[
r ∂r +mσ3 −

(ω
r

+ qµ
)

(iσ2) + kσ1
](χ(r)

ψ(r)

)
= 0
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Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

Inner region, ingoing solution:

ψ(r) =
√
r
[(

2κ+m+ ik + 2i
ω

r

)
Wκ,ν

(
−2i

ω

r

)
−Wκ+1,ν

(
−2i

ω

r

)]

χ(r) = −i√r
[(

2κ−m− ik + 2i
ω

r

)
Wκ,ν

(
−2i

ω

r

)
+Wκ+1,ν

(
−2i

ω

r

)]

κ =
1

2
+ iqµ, ν =

√
m2 + k2 − q2µ2.
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Matched expansions [Faulkner, Liu, McGreevy, Vegh, 0907.2694]
[Faulkner, Iqbal, Liu, McGreevy, Vegh, 1101.0597]

Boundary r0 Horizon

Outer region
ω ≈ 0

Inner region
U ≈ r2, V ≈ 1, At ≈ µr

ImG = Im
χ(r0)

ψ(r0)
∼ ω2 Re ν , ν =

√
m2 + k2 − q2µ2.

Presence of continuum depends on k
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IR geometries

ds2 =
dr2

U(r)
− U(r)dt2 + V (r)

[
dx2 + dy2

]

r → 0: suppose U ≈ rαU , V ≈ rαV ,

ds2 ≈ ζθ/z
(−dt2 + dζ2

ζ2
+

dx2 + dy2

ζ2/z

)
, ζ = r1−αU

z =
2(αU − 1)

αU + αV − 2
, θ =

2(αU − 2)

αU + αV − 2

AdS-RN: αU = 2, αV = 0 ⇒ z →∞

12



IR geometries

ds2 ≈ ζθ/z
(−dt2 + dζ2

ζ2
+

dx2 + dy2

ζ2/z

)

Lifshitz scaling

(t, ζ)→ λ(t, ζ), (x, y)→ λ1/z(x, y), ds2 → λθ/zds2

Hyperscaling violation [Huijse, Sachdev, Swingle, 1112.0573]

S ∝ T (2−θ)/z
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Spectral functions in Lifshitz geometries

ds2 ≈ ζθ/z
(−dt2 + dζ2

ζ2
+

dx2 + dy2

ζ2/z

)

[
ζ ∂ζ + m̄ζθ/2zσ3 −

(
ω̄ζ + q̄ζθ/z−νA

)
(iσ2) + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

νA ≥ 0 related to scaling of At at small r
Null energy condition + non-divergent entropy as T → 0:

• Positive z: z ≥ 1, θ ≤ 1
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Spectral functions in Lifshitz geometries

ds2 ≈ ζθ/z
(−dt2 + dζ2

ζ2
+

dx2 + dy2

ζ2/z

)

[
ζ ∂ζ + m̄ζθ/2zσ3 −

(
ω̄ζ + q̄ζθ/z−νA

)
(iσ2) + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

νA ≥ 0 related to scaling of At at small r

Null energy condition + non-divergent entropy as T → 0:
• Positive z: z ≥ 1, θ ≤ 1

• Negative z: z ≤ 0, θ ≥ 1

When z > 1: ImG(ω, k) ∼ exp
[
−c (kz/ω)1/(z−1)

]
[Faulkner, Polchinski, 1001.5049]

No continuum⇒ sharp quasiparticle peaks
14



What about negative z?



Negative z
IR EOM:

[
ζ ∂ζ + m̄ζθ/2zσ3 −

(
ω̄ζ + q̄ζθ/z−νA

)
(iσ2) + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

Deep IR ζ →∞
• ω̄ term dominates
• Suppose θ > 2 and z < 0⇒ k̄ term is first subleading

[
ζ ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

Can’t solve IR equation exactly: two-step matching
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Negative z
IR EOM:
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Matching procedure

Boundary Horizonr0 r1

Outer region
ω ≈ 0 Mid-IR region

k dominant Deep-IR region
ω dominant

G(ω, k) =
χ(r0)

ψ(r0)
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Matching procedure

Boundary Horizonr0 r1

Outer region
ω ≈ 0 Mid-IR region

k dominant Deep-IR region
ω dominant

G(ω, k) =
χ(r0)

ψ(r0)

Mid-IR region: ζ = r1−αU

[
ζ ∂ζ + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
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Matching procedure

Boundary Horizonr0 r1

Outer region
ω ≈ 0 Mid-IR region

k dominant Deep-IR region
ω dominant

G(ω, k) =
χ(r0)

ψ(r0)

Deep-IR region: ζ = r1−αU

[
∂ζ − iω̄σ2

](χ(ζ)

ψ(ζ)

)
= 0
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Solutions in the IR regions
Deep IR:

[
ζ∂ζ − iω̄ζσ2

](χ(ζ)

ψ(ζ)

)
= 0

Ingoing solution: ψR(ζ) = eiω̄ζ , χR(ζ) = −ieiω̄ζ .

Mid-IR:
[
ζ ∂ζ + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

General solution:

ψL(ζ) = a exp
(
zk̄ζ1/z

)
+ b exp

(
−zk̄ζ1/z

)

χL(ζ) = a exp
(
zk̄ζ1/z

)
− b exp

(
−zk̄ζ1/z

)

Fix a, b by matching ψL(ζ1) = ψR(ζ1) and χL(ζ1) = χR(ζ1), ζ1 = (ω̄/k̄)z/(z−1)
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Matching solutions
Leading order, low frequency:

ψ(ζ) ≈
{
eiω̄ζ , ζ ≥ ζ1,√

2 cosh
(
zk̄ζ1/z − iπ/4

)
, ζ ≤ ζ1

χ(ζ) ≈
{
−ieiω̄ζ , ζ ≥ ζ1,

−
√

2 sinh
(
zk̄ζ1/z − iπ/4

)
, ζ ≤ ζ1

G(ω, k) ≡ χ(ζ0)

ψ(ζ0)
≈ i.

Continuum⇒ no sharp peaks
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Example: z = −2, θ = 4

U(r) = r2 +
r4/3

(1 + r)4
, V (r) = r2 +

r1/3

(1 + r)4
.

Set m̄ = q̄ = 0

k̄ = 0.1:

10−7 10−5 10−3 10−1

10−0.4

10−0.2

100

ω

Im
G

G+

G−

k̄ = 1:

10−7 10−5 10−3 10−110−7

10−6

10−5

10−4

ω

Im
G

G+

G−
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Negative z
IR EOM:

[
ζ ∂ζ + m̄ζθ/2zσ3 −

(
ω̄ζ + q̄ζθ/z−νA

)
(iσ2) + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

Similar conclusion for m̄ or q̄ dominant, as long as z < 0 and θ > 0.

Key feature: zero-derivative terms other than ω̄ decay as ζ →∞
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Nodal-antinodal dichotomy



Anisotropy

ds2 =
dr2

U(r)
− U(r) dt2 + V (r) dx2 +W (r) dy2

r → 0: suppose U ≈ rαU , V ≈ rαV , W ≈ rαW

ds2 ≈ ζθ/z̄
(−dt2 + dζ2

ζ2
+

dx2

ζ2/zx
+

dy2

ζ2/zy

)
, ζ = r1−αU

zx =
2(αU − 1)

αU + αV − 2
zy =

2(αU − 1)

αU + αW − 2

z̄ =

(
1

zx
+

1

zy

)−1

θ =
4(αU − 2)

2αU + αV + αW − 4

23



Anisotropy

ds2 =
dr2

U(r)
− U(r) dt2 + V (r) dx2 +W (r) dy2

r → 0: suppose U ≈ rαU , V ≈ rαV , W ≈ rαW

ds2 ≈ ζθ/z̄
(−dt2 + dζ2

ζ2
+

dx2

ζ2/zx
+

dy2

ζ2/zy

)
, ζ = r1−αU

Anisotropic Lifshitz scaling:

(t, ζ)→ λ(t, ζ), x→ λ1/zxx, y → λ1/zyy
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Anisotropy

ds2 =
dr2

U(r)
− U(r) dt2 + V (r) dx2 +W (r) dy2

r → 0: suppose U ≈ rαU , V ≈ rαV , W ≈ rαW

ds2 ≈ ζθ/z̄
(−dt2 + dζ2

ζ2
+

dx2

ζ2/zx
+

dy2

ζ2/zy

)
, ζ = r1−αU

Hyperscaling violation:

S ∝ T (2−θ)/z̄, z̄ =

(
1

zx
+

1

zy

)−1

23



Fermions in anisotropic backgrounds
Momentum in x direction

[
ζ∂ζ + m̄ζθ/2z̄σ3 −

(
ω̄ζ + q̄ζ

θ
z̄
−νA
)

(iσ2) + k̄xζ
1/zxσ1

](χ(ζ)

ψ(ζ)

)
= 0

Momentum in y direction
[
ζ∂ζ + m̄ζθ/2z̄σ3 −

(
ω̄ζ + q̄ζ

θ
z̄
−νA
)

(iσ2) + k̄yζ
1/zyσ1

](χ(ζ)

ψ(ζ)

)
= 0

Nodal-antinodal dichotomy:

θ/z̄ < 0, zx < 0, zy > 0
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Anisotropic Q-lattices



Q-lattice Model [Donos, Gauntlett, 1401.5077]

S =
1

16πGN

∫
d4x
√−g

[
R− 1

4
cosh1/3(3φ)F 2 + 6 coshφ− 3

2
(∂φ)2 − 6 sinh2 φ (∂η)2

]

F = dA

Have fixed parameters in model to some nice values
Admits anisotropic, extremal black brane solutions

ds2 =
dr2

U(r)
− U(r) dt2 + V (r) dx2 +W (r) dy2

A = At(r) dt

φ = φ(r)

η = px

26



Black brane backgrounds
UV r →∞

U(r) ≈ V (r) ≈W (r) ≈ r2 At ≈ µ φ(r) ≈ λr−1

Will set p = 0.1µ and λ = µ

27
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Will set p = 0.1µ and λ = µ

IR r → 0

U(r) ≈ U0r
7/4, V (r) ≈ V0r

−1/4, W (r) ≈W0r
3/4,

At(r) ≈ A0r, eφ(r) ≈ eφ0r−1/4
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Black brane backgrounds
UV r →∞

U(r) ≈ V (r) ≈W (r) ≈ r2 At ≈ µ φ(r) ≈ λr−1

Will set p = 0.1µ and λ = µ

IR r → 0

U(r) ≈ U0r
7/4, V (r) ≈ V0r

−1/4, W (r) ≈W0r
3/4,

At(r) ≈ A0r, eφ(r) ≈ eφ0r−1/4

IR scaling: θ/z̄ = −1/3, zx = −3, zy = 3

θ/z̄ < 0, zx < 0, zy > 0
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Fermion spectral functions, m = 0, q = 1
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Fermion spectral functions, m = 0, q = 1
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Fermion spectral functions, m = 1/4, q = 1
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Fermion spectral functions, m = 1/4, q = 1
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Discussion



Summary
Minimally coupled fermion, IR scaling with θ/z̄ < 0, zx < 0, zy > 0:
⇒ fermion continuum in only one direction

⇒ nodal-antinodal dichotomy
Independent of precise method of generating anisotropic scaling
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Robustness
[
ζ∂ζ + m̄ζθ/2z̄σ3 −

(
ω̄ζ + q̄ζ

θ
z̄
−νA
)

(iσ2) + k̄iζ
1/ziσ1

](χ(ζ)

ψ(ζ)

)
= 0

Relied on m̄, q̄, k̄x terms decaying as ζ →∞
What about non-minimal interactions?
Dipole interaction [Edalati, Leigh, Phillips, 1010.3238]

Sbulk = i

∫
d4x
√
−G Ξ̄

(
/D −m− ig /F

)
Ξ + (boundary terms)

• Adds term to EOM ∼ ζ−νA

• Decays as ζ →∞ since νA ≥ 0 X
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Robustness
[
ζ∂ζ + m̄ζθ/2z̄σ3 −

(
ω̄ζ + q̄ζ

θ
z̄
−νA
)

(iσ2) + k̄iζ
1/ziσ1

](χ(ζ)

ψ(ζ)

)
= 0

Relied on m̄, q̄, k̄x terms decaying as ζ →∞
What about non-minimal interactions?
Yukawa interaction with scalar Φ

Sbulk = i

∫
d4x
√
−G Ξ̄

(
/D −m− gΦ

)
Ξ + (boundary terms)

• Depends on IR scaling of Φ

• Q-lattice: Φ ∝ φn X

• Q-lattice: Φ ∝ enφ ××× for n ≥ 1/2
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Outlook
Classify effects of non-minimal interactions?
Four-fold rotational symmetry?

• Lattice?
• Spin-two field?

Bosonic spectral functions?

• Minimally coupled scalar: ρscalar ∝ ω when ρfermion ∝ ω0

• Dichotomy in density–density two-point function?
Non-holographic model?
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Outlook
Classify effects of non-minimal interactions?
Four-fold rotational symmetry?

• Lattice?
• Spin-two field?

Bosonic spectral functions?

• Minimally coupled scalar: ρscalar ∝ ω when ρfermion ∝ ω0

• Dichotomy in density–density two-point function?
Non-holographic model?

Thank you!
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Backup slides



Overlap of mid-IR and deep-IR
[
ζ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

• Mid-IR: neglect ω̄

• Deep-IR: neglect k̄

Both terms same size at ζ = ζ1 = (ω̄/k̄)z/(z−1)?
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Overlap of mid-IR and deep-IR
[
ζ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

• Mid-IR: neglect ω̄

• Deep-IR: neglect k̄

Both terms same size at ζ = ζ1 = (ω̄/k̄)z/(z−1)?
Deep-IR: Let s = ζ/ζ1, κ = k̄z/(z−1)ω̄1/(1−z) � 1

ψ(s) = eiκs + δψ(s), χ(ζ) = −ieiκs + δχ(s)

Sub into EOM:
[
s∂s − iκsσ2 + κs1/zσ1

](δχ(s)

δψ(s)

)
=
(−1

i

)
κs1/z exp(iκs)
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Overlap of mid-IR and deep-IR
[
ζ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

• Mid-IR: neglect ω̄

• Deep-IR: neglect k̄

Both terms same size at ζ = ζ1 = (ω̄/k̄)z/(z−1)?
Deep-IR: Let s = ζ/ζ1, κ = k̄z/(z−1)ω̄1/(1−z) � 1

s∂s

(
δχ(s)

δψ(s)

)
≈
(−1

i

)
κs1/z exp(iκs)

Solution:
δχ(s) ≈ −iδψ(s) ≈ κ(−iκ)1/z Γ

(
1

z
,−iκs

)
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Overlap of mid-IR and deep-IR
[
ζ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

• Mid-IR: neglect ω̄

• Deep-IR: neglect k̄

Both terms same size at ζ = ζ1 = (ω̄/k̄)z/(z−1)?
Deep-IR: Let s = ζ/ζ1, κ = k̄z/(z−1)ω̄1/(1−z) � 1

s∂s

(
δχ(s)

δψ(s)

)
≈
(−1

i

)
κs1/z exp(iκs)

Solution:
δχ(s) ≈ −iδψ(s) ≈ zκs1/z +O(κ1+1/|z|)

Vanishes when κ→ 0
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Overlap of mid-IR and deep-IR
[
ζ∂ζ − iω̄ζσ2 + k̄ζ1/zσ1

](χ(ζ)

ψ(ζ)

)
= 0

• Mid-IR: neglect ω̄

• Deep-IR: neglect k̄

Both terms same size at ζ = ζ1 = (ω̄/k̄)z/(z−1)?
Similar in mid-IR
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