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Problem of time in quantum gravity

QM: time is absolute.

Gravity: most of the time time is meaningless as it can be changed
by arbitrary gauge diffeomorphism transformations.  

AdS: there is an absolute asymptotic time, which underlies AdS/CFT

QG in spacetimes of other asymptotics appears much more difficult.  

In AdS/CFT:  how to understand bulk time evolution? 

When the bulk spacetime is time-translation invariant: yes.

General time-dependent cases: not clear 
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horizons and associated causal structure ? 

Interactions between R and L observers in the interior?

Kruskal-like time? 

Maldacena, 2001
Time-like Killing vector outside the horizon

F and P regions? Many mysteries:



Boundary descriptions of bulk evolutions

HR-HL HR +HL (not well defined) Emergent?

• Boundary emergence of horizon and associated 
causal structure 

Goals: • Boundary constructions of Kruskal-like evolutions
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Outline of main results



A description of  infalling observers
Will show that there exist “evolution operators” on the 
boundary

U(s) = e�iGs, s 2 R, G hermitian

<latexit sha1_base64="SxYEjCl/z2eJ0+nORGlF3NJeo0Y="></latexit>

G � 0

<latexit sha1_base64="VP1PIXwQVbw3fNcnFH5J+MpgAtk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BD3qMYB6QLGF20psMmZ3dzMwKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/+YRK81g+mnGCfkT7koecUWOl1h3p9HFE3G6x5JbdOcgq8TJSggy1bvGr04tZGqE0TFCt256bGH9CleFM4LTQSTUmlA1pH9uWShqh9ifze6fkzCo9EsbKljRkrv6emNBI63EU2M6ImoFe9mbif147NeG1P+EySQ1KtlgUpoKYmMyeJz2ukBkxtoQyxe2thA2ooszYiAo2BG/55VXSuCh7lfLlQ6VUvcniyMMJnMI5eHAFVbiHGtSBgYBneIU3Z+S8OO/Ox6I152Qzx/AHzucPvx2PIg==</latexit>

2. 

1.   G involves both R and L degrees of freedom

Properties: 

Sharp signatures of horizon, ”generate” F and P regions from R and L. 

an infalling time 

�(X; s) ⌘ U(�s)�(X)U(s), X 2 R

<latexit sha1_base64="KsRFQYU01AfPnGIyyMLtaiWAD1A="></latexit>

3. 

takes it inside the horizon for sufficiently large s.  

region
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U(s)U(s) leads to a new 
an emergent 
infalling ”time”

Infinite number of choices of
such infalling times



An example for BTZ 

�(X; s) ⌘ U(�s)�(X)U(s), X 2 R

<latexit sha1_base64="KsRFQYU01AfPnGIyyMLtaiWAD1A="></latexit>

s < s0, �(X; s) 2 CFTR

<latexit sha1_base64="r5BlIHNzE6WE0fmc3BMeBA6IMvw=">AAACE3icbVDLSgNBEJyNrxhfUY9eGoOgImFXIgrmEAiIxyiJCWTDMjuZJENmZ9eZWSEs+Qcv/ooXD4p49eLNv3HyOGhiQUNR1U13lx9xprRtf1uphcWl5ZX0amZtfWNzK7u9c6fCWBJaIyEPZcPHinImaE0zzWkjkhQHPqd1v18e+fUHKhULRVUPItoKcFewDiNYG8nLHisogvLsE3DvY9wGt9JjcNi4BHUELhOQuDKA8lV16N162Zydt8eAeeJMSQ5NUfGyX247JHFAhSYcK9V07Ei3Eiw1I5wOM26saIRJH3dp01CBA6payfinIRwYpQ2dUJoSGsbq74kEB0oNAt90Blj31Kw3Ev/zmrHuXLQSJqJYU0EmizoxBx3CKCBoM0mJ5gNDMJHM3AqkhyUm2sSYMSE4sy/Pk7vTvFPIn90UcqXiNI402kP76BA56ByV0DWqoBoi6BE9o1f0Zj1ZL9a79TFpTVnTmV30B9bnD/6smx0=</latexit>

s > s0, �(X; s) 2 CFTR ⌦ CFTL

<latexit sha1_base64="9dqUVyuBk5M26gGdb9pSyt1jrbo="></latexit>

For any two quantum systems, if such U(s) and s0 exist, we 
say they are causally connectable.

For BTZ, such a U(s) can be worked out explicitly. 

signature of a sharp horizon.

s0 > 0

<latexit sha1_base64="VyGyyi6Y+k1SWZqjfehJ4sxyZj8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YNIwYvHCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeA44X5EB0qEglG0Utv0XHJDXNIrV9yqOwNZJl5OKpCj3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHUkUjbvxsdu+EnFilT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKbPk77QnKEcW0KZFvZWwoZUU4Y2opINwVt8eZk0z6reefXi/rxSu87jKMIRHMMpeHAJNbiDOjSAgYRneIU359F5cd6dj3lrwclnDuEPnM8f+u+OnA==</latexit>

There exists an
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s0 = �U0

<latexit sha1_base64="rvwlA+MjVq5gVZV/xGBoVuKtIaU=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0YNCwYvHCqYtpCFstpt26WY37G6EUvozvHhQxKu/xpv/xm2bg7Y+GHi8N8PMvDjjTBvX/XZWVtfWNzZLW+Xtnd29/crBYUvLXBHqE8ml6sRYU84E9Q0znHYyRXEac9qOh3dTv/1ElWZSPJpRRsMU9wVLGMHGSoGOXHSLzpEfuVGl6tbcGdAy8QpShQLNqPLV7UmSp1QYwrHWgedmJhxjZRjhdFLu5ppmmAxxnwaWCpxSHY5nJ0/QqVV6KJHKljBopv6eGONU61Ea284Um4Fe9Kbif16Qm+Q6HDOR5YYKMl+U5BwZiab/ox5TlBg+sgQTxeytiAywwsTYlMo2BG/x5WXSuqh59drlQ73auCniKMExnMAZeHAFDbiHJvhAQMIzvMKbY5wX5935mLeuOMXMEfyB8/kDw9CPmg==</latexit>

U, V: Kruskal null 
coordinates

VU

X

s

<latexit sha1_base64="XDStgm/JsT6KERi+aVbBU0x9bo4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSk3dL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9WrVy2atUr/J4yjCCZzCOXhwBXW4gwa0gAHCM7zCm/PovDjvzseiteDkM8fwB87nD99vjPk=</latexit>

X: (U0, V0) 

General X: transformation is nonlocal, but 
respects the casual structure

�(X; s) ⌘ U(�s)�(X)U(s), X 2 R

<latexit sha1_base64="KsRFQYU01AfPnGIyyMLtaiWAD1A="></latexit>

X near the horizon, local transformation: Kruskal null translation

s0

<latexit sha1_base64="hnKsgRQK8DxCGlR68gdB4+sL9/w=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6UH33X654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq17e1yr1mzyOIpzAKZyDB1dQhztoQBMYDOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AA1iNnA==</latexit>



Causal structure

ϕL(X2)
ϕR(X1)U2

U1

U V

[U †(s)�R(X1)U(s),�L(X2)] =

(
0 s < |U1|+ U2

6= 0 s > |U1|+ U2

<latexit sha1_base64="0Y1T/IAuadVEataBjWM1pvmDfFE="></latexit>



Flow pattern in the large mass limit

U V

Family of trajectories Constant-s slices

�(X; s) ⌘ U(�s)�(X)U(s) / �(Xs)

<latexit sha1_base64="+QXnmb9as0Ml5Tn0TqGGxLEzJP8=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEKiq6KLhxWcG0haaUyXTaDp1k4sykUEK/xY2/4saFoq4EP8ZJGkFbDwyce8693LnHCxmVyrI+jdzS8srqWn69sLG5tb1j7u41JI8EJg7mjIuWhyRhNCCOooqRVigI8j1Gmt7oOvGbYyIk5cGdmoSk46NBQPsUI6Wlrnnh1ocUllqXsgxdch/RMXRg6TipwtQoQ6eUVoKHiv+oXVnumkWrYqWAi8TOSBFkqHfNd7fHceSTQGGGpGzbVqg6MRKKYkamBTeSJER4hAakrWmAfCI7cXriFB5ppQf7XOgXKJiqvydi5Es58T3d6SM1lPNeIv7ntSPVP+/ENAgjRQI8W9SPGNS3JnnBHhUEKzbRBGFB9V8hHiKBsNKpFnQI9vzJi6RxUrGrldPbarF2lcWRBwfgEJSADc5ADdyAOnAABg/gCbyAV+PReDbejI9Za87IZvbBHxhf3/OooD4=</latexit>

average over 
boundary 
spatial 
directionsUs = U0 + s, Vs =

V0

1� sV0

<latexit sha1_base64="RV9YzTmr32E5U2Ep5dI8kRzqnFc=">AAACHHicbVDLSgMxFM3UVx1fVZduLhZBUMuMVnRhoeDGZQVnWuiUIZOmbWjmYZIRytAPceOvuHGhiBsXgn9j+lho64HA4Zx7uLknSDiTyrK+jdzC4tLySn7VXFvf2NwqbO+4Mk4FoQ6JeSwaAZaUs4g6iilOG4mgOAw4rQf965Fff6BCsji6U4OEtkLcjViHEay05BfOHF9CBRzfOgJ5DN59itvgag3MCmSub4EX6zzYcAJSG9YQwC8UrZI1BswTe0qKaIqaX/j02jFJQxopwrGUTdtKVCvDQjHC6dD0UkkTTPq4S5uaRjikspWNjxvCgVba0ImFfpGCsfo7keFQykEY6MkQq56c9Ubif14zVZ3LVsaiJFU0IpNFnZSDimHUFLSZoETxgSaYCKb/CqSHBSZK92nqEuzZk+eJe1qyy6Xz23KxejWtI4/20D46RDa6QFV0g2rIQQQ9omf0it6MJ+PFeDc+JqM5Y5rZRX9gfP0AqGKcvg==</latexit>

U V

boundary

singularity



Entanglement in relativistic QFT:
III1 von Neumann algebra



Entanglement of a quantum system

1

2

H = H1 ⌦H2

<latexit sha1_base64="mymJvH0nEW26vvhYroLem1wHB9g=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCV2WmVHQjFN10WcFeoDMMmTTThmaSIckIZegruPFV3LhQxK07d76NaTuitv4Q+PjPOZycP0wYVdpxPq2V1bX1jc3CVnF7Z3dv3z44bCuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEo+tpvXNHpKKC3+pxQvwYDTiNKEbaWIFdzjyMGGxM4CX8xsCFntA0JurHqgZ2yak4M8FlcHMogVzNwP7w+gKnMeEaM6RUz3US7WdIaooZmRS9VJEE4REakJ5Bjsw+P5tdNIGnxunDSEjzuIYz9/dEhmKlxnFoOmOkh2qxNjX/q/VSHV34GeVJqgnH80VRyqAWcBoP7FNJsGZjAwhLav4K8RBJhLUJsWhCcBdPXoZ2teLWKmc3tVL9Ko+jAI7BCSgDF5yDOmiAJmgBDO7BI3gGL9aD9WS9Wm/z1hUrnzkCf2S9fwHn5JvS</latexit>

⇢1 = Tr2| ih |

<latexit sha1_base64="zFRY0zfu1MKGxrX1aU/4u92vnXk=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwNcyUim6EohuXFfqCzjBk0rQNTTJDkhHKtH/hxl9x40IRt7rzb0zbWWjrgcs9nHMvyT1RwqjSrvttFdbWNza3itulnd29/QP78Kil4lRi0sQxi2UnQoowKkhTU81IJ5EE8YiRdjS6nfntByIVjUVDjxMScDQQtE8x0kYKbceXwzj04DXMfMlhQ07DCpz4dUV9icSAEeizvBttEtpl13HngKvEy0kZ5KiH9pffi3HKidCYIaW6npvoIENSU8zItOSniiQIj9CAdA0ViBMVZPO7pvDMKD3Yj6UpoeFc/b2RIa7UmEdmkiM9VMveTPzP66a6fxVkVCSpJgIvHuqnDOoYzkKCPSoJ1mxsCMKSmr9CPEQSYW2iLJkQvOWTV0mr4nhV5+K+Wq7d5HEUwQk4BefAA5egBu5AHTQBBo/gGbyCN+vJerHerY/FaMHKd47BH1ifP3fhnuc=</latexit>

S1 = �Tr1⇢1 log ⇢1

<latexit sha1_base64="XWTRoihq846dKlrQs7BbMXl+Tf0=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEQpWgIliQKlgYi+hLaqLKcZ3WqmNHtoNURf0CFn6FhQGEWJnZ+BucNgO0HMny8Tn36vqeIGZUacf5tgorq2vrG8XN0tb2zu6evX/QViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gnGN5nfeSBSUcGbehITP0JDTkOKkTZS367c9114BU9h6skINuXUPD05EtnFxDDnfbvsVJ0Z4DJxc1IGORp9+8sbCJxEhGvMkFI914m1nyKpKWZkWvISRWKEx2hIeoZyFBHlp7N1prBilAEMhTSHazhTf3ekKFJqEgWmMkJ6pBa9TPzP6yU6vPRTyuNEE47ng8KEQS1glg0cUEmwZhNDEJbU/BXiEZIIa5NgyYTgLq68TNpnVbdWPb+rlevXeRxFcASOwQlwwQWog1vQAC2AwSN4Bq/gzXqyXqx362NeWrDynkPwB9bnD3cBmeM=</latexit>

� = ⇢2⇢
�1
1

<latexit sha1_base64="y7PfwKlv6rqRKgb/NL44lV9/AgM=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4scyUii4UCrpwWcE+oDMOmTTThmaSIckIZejGjb/ixoUibv0Hd/6NaTsLbT1wuYdz7iW5J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297ZbSqRSkwaWDAh2yFShFFOGppqRtqJJCgOGWmFg6ux33ogUlHB7/QwIX6MepxGFCNtpMA+8K4J0wheQk/2RVCZNvc+O3FHMLBLTtmZAM4TNyclkKMe2F9eV+A0JlxjhpTquE6i/QxJTTEjo6KXKpIgPEA90jGUo5goP5tcMYJHRunCSEhTXMOJ+nsjQ7FSwzg0kzHSfTXrjcX/vE6qo3M/ozxJNeF4+lCUMqgFHEcCu1QSrNnQEIQlNX+FuI8kwtoEVzQhuLMnz5NmpexWy6e31VLtIo+jAPbBITgGLjgDNXAD6qABMHgEz+AVvFlP1ov1bn1MRxesfGcP/IH1+QPnoJbn</latexit>

Modular operator: 

⇢1, ⇢2

<latexit sha1_base64="1vpU+pTSeUF3BVtNQcoqYI1tUg4=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkpFV24KLhxWcE+oB1LJs20oZlkSDJKGfofblwo4tZ/ceffmE5noa0HLvdwzr3k5gQxZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODltaJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfhm5rcfqdJMinsziakf4aFgISPYWOmhp0ay752jrFf7pbJbcTOgZeLlpAw5Gv3SV28gSRJRYQjHWnc9NzZ+ipVhhNNpsZdoGmMyxkPatVTgiGo/za6eolOrDFAolS1hUKb+3khxpPUkCuxkhM1IL3oz8T+vm5jwyk+ZiBNDBZk/FCYcGYlmEaABU5QYPrEEE8XsrYiMsMLE2KCKNgRv8cvLpFWteLXKxV2tXL/O4yjAMZzAGXhwCXW4hQY0gYCCZ3iFN+fJeXHenY/56IqT7xzBHzifP1bkkb8=</latexit>

When                are both full rank 

�itB(H1)�
�it

2 B(H1), �itB(H2)�
�it

2 B(H2),

<latexit sha1_base64="0YOPQTugoNpl7K3/yZPmhZV8Yoo="></latexit>

modular flow highly entangled 



Entanglement in QFT
Consider a QFT in Minkowski spacetime. 

Strictly speaking,  the statement is only correct in the 
discretized theory. 

They are some fundamental differences between the discrete
and continuum cases.

It is often said the Minkowski
vacuum state can be 
interpreted as a thermal field 
double state for the R and L 
Rindler patches.

L R

F

P



Discrete Continuum 

Local Hilbert spaces for L and R
no

Finite entanglement entropy Not defined (infinite)

Modular operator can be factorized cannot

No sharp light cone sharp light cone

Type I von Neumann algebra Type III1 von Neumann algebra

Reduced density matrix no

modular operator and modular flows exist

H = HR ⌦HL

<latexit sha1_base64="4VNZz29GVSil5C85VF3nAeTfpTQ=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARuiozUtGFQsFNFy6q2At0hiGTpm1oJhmSjFCGvoIbX8WNC0XcunPn25i2I2rrD4GP/5zDyfnDmFGlHefTyi0tr6yu5dcLG5tb2zv27l5TiURi0sCCCdkOkSKMctLQVDPSjiVBUchIKxxeTuqtOyIVFfxWj2LiR6jPaY9ipI0V2KXUw4jB2hhewG8MbqAnNI2I+rGuArvolJ2p4CK4GRRBpnpgf3hdgZOIcI0ZUqrjOrH2UyQ1xYyMC16iSIzwEPVJxyBHZp+fTi8awyPjdGFPSPO4hlP390SKIqVGUWg6I6QHar42Mf+rdRLdO/NTyuNEE45ni3oJg1rASTywSyXBmo0MICyp+SvEAyQR1ibEggnBnT95EZrHZbdSPrmuFKvnWRx5cAAOQQm44BRUQQ3UQQNgcA8ewTN4sR6sJ+vVepu15qxsZh/8kfX+BUIEnAc=</latexit>

Reasons: operator algebras in R region have different structures



The story is general for relativistic QFTs:

For any local region, local operator algebra 
can be associated with a type III1 vN algebra

Entanglement for any local region can be 
understood in terms of modular flows 
associated with such an algebraic structure.



Half-sided modular translation

��it
M N�it

M ⇢ N , t  0

<latexit sha1_base64="HAYRlhSkbsmBM4WnzMLVOHLwee0="></latexit>

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

Suppose      is a von Neumann algebra and the vector         
is cyclic and separating for 

|⌦i

<latexit sha1_base64="tClZR+3jJcQKbBG2mCgSiBnb/sA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkogcPBS/erGA/oAlls52kSzebsLsplNh/4sWDIl79J978N27bHLT1wcDjvRlm5gUpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo7ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJRrczvzMGqVgiHvUkBT8mkWAho0QbqW/b+Mm7jyEi2JNERBz6dtWpOXPgVeIWpIoKNPv2lzdIaBaD0JQTpXquk2o/J1IzymFa8TIFKaEjEkHPUEFiUH4+v3yKz4wywGEiTQmN5+rviZzESk3iwHTGRA/VsjcT//N6mQ6v/ZyJNNMg6GJRmHGsEzyLAQ+YBKr5xBBCJTO3YjokklBtwqqYENzll1dJ+6Lm1muXD/Vq46aIo4xO0Ck6Ry66Qg10h5qohSgao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz/VvJMj</latexit>

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

N

<latexit sha1_base64="Ba00DaZVuoQsS0nlC225z739vAI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS+epIL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz88JEcGM97xsVVlbX1jeKm6Wt7Z3dvfL+QdPEqaasQWMR63ZIDBNcsYblVrB2ohmRoWCtcHQz9VtPTBseqwc7TlggyUDxiFNinfSYdSkR+G6Ce+WKV/VmwMvEz0kFctR75a9uP6apZMpSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoIpKZIJsdPMEnTunjKNaulMUz9fdERqQxYxm6Tkns0Cx6U/E/r5Pa6CrIuEpSyxSdL4pSgW2Mp9/jPteMWjF2hFDN3a2YDokm1LqMSi4Ef/HlZdI8q/rn1Yv780rtOo+jCEdwDKfgwyXU4Bbq0AAKEp7hFd6QRi/oHX3MWwsonzmEP0CfPw3Zj+g=</latexit>

Suppose there exists a von Neumann subalgebra      of 
with the properties:

M

<latexit sha1_base64="+AXGdokLiPNFWcvNA6LXCzyAoyA=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS9ehAr2Q9qlZNNsG5pklyQrlKW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAsTwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHN1G89MW14rB7sOGGBJAPFI06JddJj1qVE4LsJ7pUrXtWbAS8TPycVyFHvlb+6/ZimkilLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jikhmgmx28ASfOKWPo1i7UhbP1N8TGZHGjGXoOiWxQ7PoTcX/vE5qo6sg4ypJLVN0vihKBbYxnn6P+1wzasXYEUI1d7diOiSaUOsyKrkQ/MWXl0nzrOqfVy/uzyu16zyOIhzBMZyCD5dQg1uoQwMoSHiGV3hDGr2gd/Qxby2gfOYQ/gB9/gAMU4/n</latexit>

|⌦i

<latexit sha1_base64="tClZR+3jJcQKbBG2mCgSiBnb/sA=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkogcPBS/erGA/oAlls52kSzebsLsplNh/4sWDIl79J978N27bHLT1wcDjvRlm5gUpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo7ZKMkmhRROeyG5AFHAmoKWZ5tBNJZA44NAJRrczvzMGqVgiHvUkBT8mkWAho0QbqW/b+Mm7jyEi2JNERBz6dtWpOXPgVeIWpIoKNPv2lzdIaBaD0JQTpXquk2o/J1IzymFa8TIFKaEjEkHPUEFiUH4+v3yKz4wywGEiTQmN5+rviZzESk3iwHTGRA/VsjcT//N6mQ6v/ZyJNNMg6GJRmHGsEzyLAQ+YBKr5xBBCJTO3YjokklBtwqqYENzll1dJ+6Lm1muXD/Vq46aIo4xO0Ck6Ry66Qg10h5qohSgao2f0it6s3Hqx3q2PRWvJKmaO0R9Ynz/VvJMj</latexit>

is cyclic for N

<latexit sha1_base64="Ba00DaZVuoQsS0nlC225z739vAI=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKogcPBS+epIL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz88JEcGM97xsVVlbX1jeKm6Wt7Z3dvfL+QdPEqaasQWMR63ZIDBNcsYblVrB2ohmRoWCtcHQz9VtPTBseqwc7TlggyUDxiFNinfSYdSkR+G6Ce+WKV/VmwMvEz0kFctR75a9uP6apZMpSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoIpKZIJsdPMEnTunjKNaulMUz9fdERqQxYxm6Tkns0Cx6U/E/r5Pa6CrIuEpSyxSdL4pSgW2Mp9/jPteMWjF2hFDN3a2YDokm1LqMSi4Ef/HlZdI8q/rn1Yv780rtOo+jCEdwDKfgwyXU4Bbq0AAKEp7hFd6QRi/oHX3MWwsonzmEP0CfPw3Zj+g=</latexit>



U(s) = e�iGs, G � 0

<latexit sha1_base64="Q7ZuvKQ5+R4FFu5xkkfisFzGFyk=">AAACC3icbVDLSgMxFM3UV62vUZduQotQQcuMVHShUHChywr2AW0tmfS2Dc1kpklGKEP3bvwVNy4UcesPuPNvTNtZaPXAhZNz7iX3Hi/kTGnH+bJSC4tLyyvp1cza+sbmlr29U1VBJClUaMADWfeIAs4EVDTTHOqhBOJ7HGre4HLi1+5BKhaIWz0KoeWTnmBdRok2UtvOVvLqAF9guIuPGL7CanyIm8NhRDrm0ezBEDttO+cUnCnwX+ImJIcSlNv2Z7MT0MgHoSknSjVcJ9StmEjNKIdxphkpCAkdkB40DBXEB9WKp7eM8b5ROrgbSFNC46n6cyImvlIj3zOdPtF9Ne9NxP+8RqS7Z62YiTDSIOjso27EsQ7wJBjcYRKo5iNDCJXM7Ippn0hCtYkvY0Jw50/+S6rHBbdYOLkp5krnSRxptIeyKI9cdIpK6BqVUQVR9ICe0At6tR6tZ+vNep+1pqxkZhf9gvXxDVtcmBY=</latexit>

U(s)⌦ = ⌦, 8s 2 R

<latexit sha1_base64="pVZrMA0MdMmuy5DdvSWddOyyL64=">AAACIHicbVDLSgMxFM34rOOr6tJNsAgVpMxIpS4UCm7cWcU+oFPKnTRtQzOZMckIZeinuPFX3LhQRHf6NabtLLT1QOBwzr3k3ONHnCntOF/WwuLS8spqZs1e39jc2s7u7NZUGEtCqyTkoWz4oChnglY105w2Ikkh8Dmt+4PLsV9/oFKxUNzpYURbAfQE6zIC2kjtbMm2q3l1hL3rgPYAX6TkGHv3MXSw1w0lcI4V9pjAiReA7vs+vh21szmn4EyA54mbkhxKUWlnP71OSOKACk04KNV0nUi3EpCaEU5HthcrGgEZQI82DRUQUNVKJgeO8KFROthkMU9oPFF/byQQKDUMfDM5TqhmvbH4n9eMdfeslTARxZoKMv2oG3OsQzxuC3eYpETzoSFAJDNZMemDBKJNp7YpwZ09eZ7UTgpusXB6U8yVz9M6MmgfHaA8clEJldEVqqAqIugRPaNX9GY9WS/Wu/UxHV2w0p099AfW9w9T3aCw</latexit>

It can then be shown that for type III1  there exists a unitary 
group U(s), with the following properties:

Borchers, Wiesbrock

This can be used to generate “new” times!



�

x0

x1

x+x-

G generates translations
along x- direction

M: operator algebra in R 
region

U †(s)MU(s) ✓ M, 8s  0 .

<latexit sha1_base64="O5T3I0z1y0KEpKOfs5himHh0unk=">AAACOXicbVDLahtBEJx1HlaUl+IcfWksAjIEsWscnEMOAl9yCciQlQQaWfTOtqRBsw/NzAbEot/yxX+RW8AXH2xCrvmBjB7gRErBQE1VN91dUa6ksb7/w9t79PjJ0/3Ks+rzFy9fva69OeiYrNCCQpGpTPciNKRkSqGVVlEv14RJpKgbTc+XfvcbaSOz9Kud5zRIcJzKkRRonTSstasO4SWPcTwmDQ1zDCUXqODLAsLVl5siMm Rp9mC8Bz4rMAY+yjQqBQa4cr4PHJrDWt1v+ivALgk2pM42aA9r33mciSKh1AqFxvQDP7eDErWVQtGiygtDOYopjqnvaIoJmUG5unwB75wSg1vDvdTCSv27o8TEmHkSucoE7cRse0vxf16/sKOPg1KmeWEpFetBo0KBzWAZI8RSk7Bq7ggKLd2uICaoUVgXdtWFEGyfvEs6J83gtPnh4rTe+rSJo8IO2RFrsICdsRb7zNosZIJdsRt2x+69a+/W++n9WpfueZuet+wfeL//AG5WqI8=</latexit>

U(s) = e�iGs, G � 0

<latexit sha1_base64="Q7ZuvKQ5+R4FFu5xkkfisFzGFyk=">AAACC3icbVDLSgMxFM3UV62vUZduQotQQcuMVHShUHChywr2AW0tmfS2Dc1kpklGKEP3bvwVNy4UcesPuPNvTNtZaPXAhZNz7iX3Hi/kTGnH+bJSC4tLyyvp1cza+sbmlr29U1VBJClUaMADWfeIAs4EVDTTHOqhBOJ7HGre4HLi1+5BKhaIWz0KoeWTnmBdRok2UtvOVvLqAF9guIuPGL7CanyIm8NhRDrm0ezBEDttO+cUnCnwX+ImJIcSlNv2Z7MT0MgHoSknSjVcJ9StmEjNKIdxphkpCAkdkB40DBXEB9WKp7eM8b5ROrgbSFNC46n6cyImvlIj3zOdPtF9Ne9NxP+8RqS7Z62YiTDSIOjso27EsQ7wJBjcYRKo5iNDCJXM7Ippn0hCtYkvY0Jw50/+S6rHBbdYOLkp5krnSRxptIeyKI9cdIpK6BqVUQVR9ICe0At6tR6tZ+vNep+1pqxkZhf9gvXxDVtcmBY=</latexit>

N = U†(�1)MU(�1)

<latexit sha1_base64="1KOOjTmQS7pLFoEHOHV/hFilcZE=">AAACEnicbVC7SgNBFL3rM8ZX1NJmMAhJYdiViBYKARsbJYKbBLIxzE4myZDZBzOzQlj2G2z8FRsLRWyt7PwbJ5stNPHAhTPn3Mvce9yQM6lM89tYWFxaXlnNreXXNza3tgs7uw0ZRIJQmwQ8EC0XS8qZT23FFKetUFDsuZw23dHlxG8+UCFZ4N+pcUg7Hh74rM8IVlrqFsr52CGYo5vkAtn3Tg8PBlSg0pFVRlPjOkF2+uwWimbFTIHmiZWRImSodwtfTi8gkUd9RTiWsm2ZoerEWChGOE3yTiRpiMkID2hbUx97VHbi9KQEHWqlh/qB0OUrlKq/J2LsSTn2XN3pYTWUs95E/M9rR6p/1omZH0aK+mT6UT/iSAVokg/qMUGJ4mNNMBFM74rIEAtMlE4xr0OwZk+eJ43jilWtnNxWi7XzLI4c7MMBlMCCU6jBFdTBBgKP8Ayv8GY8GS/Gu/ExbV0wspk9+APj8weXv5o9</latexit>

s> 0, “generate” F and P regions from the algebras of  R and L regions

Starting with Rindler time in L and R, we obtain the Minkowski time!



Key: a type III1 vN algebra and  appropriately 
chosen subalgebras lead to new emergent times  



Boundary constructions of 
emergent infalling times



Emergent type III1 vN algebras

At finite N, the (bounded) operator algebra of CFTR or 
CFTL is type I.

We argue there is an emergent type III1 vN algebra in the 
large N limit

BH is described by CFTR x CFTL in the thermal field double state 

AR

<latexit sha1_base64="ooqorc2Gp2uZU81GIe7yt6lHQ1o=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFxMYyivnA5Ah7m0myZG/v2N0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6THtMCrI9aR73y2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP51dPCEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPR90uMKmRFjSyhT3N5K2JAqyowNqWBD8BZfXiaNs7JXKZ/fVUrVqyyOPBzBMZyCBxdQhVuoQR0YSHiGV3hztPPivDsf89ack80cwh84nz/+B5B2</latexit>

: algebra generated by single-trace operators of CFTR

In the large N limit, there is another Hilbert space              : Hilbert 
space of small excitations around the thermal field double state.   

HGNS

<latexit sha1_base64="CqRCvYnbxprtPNQZDRGQtSMyqE4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6MJFwYVdSUX7gCaEyXTSDp2ZhJmJWEJ+xY0LRdz6I+78G6dtFtp64MLhnHu5954wYVRpx/m2Siura+sb5c3K1vbO7p69X+2oOJWYtHHMYtkLkSKMCtLWVDPSSyRBPGSkG46vp373kUhFY/GgJwnxORoKGlGMtJECu5p5GDHYzIPMkxze3N7ngV1z6s4McJm4BamBAq3A/vIGMU45ERozpFTfdRLtZ0hqihnJK16qSILwGA1J31CBOFF+Nrs9h8dGGcAolqaEhjP190SGuFITHppOjvRILXpT8T+vn+ro0s+oSFJNBJ4vilIGdQynQcABlQRrNjEEYUnNrRCPkERYm7gqJgR38eVl0jmtu2f187uzWuOqiKMMDsEROAEuuAAN0AQt0AYYPIFn8ArerNx6sd6tj3lrySpmDsAfWJ8/OgST5w==</latexit>

MR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

: action of            in   AR

<latexit sha1_base64="ooqorc2Gp2uZU81GIe7yt6lHQ1o=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFxMYyivnA5Ah7m0myZG/v2N0TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6THtMCrI9aR73y2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP51dPCEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPR90uMKmRFjSyhT3N5K2JAqyowNqWBD8BZfXiaNs7JXKZ/fVUrVqyyOPBzBMZyCBxdQhVuoQR0YSHiGV3hztPPivDsf89ack80cwh84nz/+B5B2</latexit>

HGNS

<latexit sha1_base64="CqRCvYnbxprtPNQZDRGQtSMyqE4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSi6MJFwYVdSUX7gCaEyXTSDp2ZhJmJWEJ+xY0LRdz6I+78G6dtFtp64MLhnHu5954wYVRpx/m2Siura+sb5c3K1vbO7p69X+2oOJWYtHHMYtkLkSKMCtLWVDPSSyRBPGSkG46vp373kUhFY/GgJwnxORoKGlGMtJECu5p5GDHYzIPMkxze3N7ngV1z6s4McJm4BamBAq3A/vIGMU45ERozpFTfdRLtZ0hqihnJK16qSILwGA1J31CBOFF+Nrs9h8dGGcAolqaEhjP190SGuFITHppOjvRILXpT8T+vn+ro0s+oSFJNBJ4vilIGdQynQcABlQRrNjEEYUnNrRCPkERYm7gqJgR38eVl0jmtu2f187uzWuOqiKMMDsEROAEuuAAN0AQt0AYYPIFn8ArerNx6sd6tj3lrySpmDsAfWJ8/OgST5w==</latexit>

which leads to the emergence of a sharp horizon and 
the interior. 



Conjecture: and             are type III1  vN algebrasMR

<latexit sha1_base64="NmklLSFiYcDYU/nnCbFhnTfW8iM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZGiGI+MDnC3maSLNnbO3b3hHDkX9hYKGLrv7Hz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqe+s0nVJpH8sGMY/RDOpC8zxk1VnpMO4wKcjvp3neLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9nF0/IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjJ9n/S4QmbE2BLKFLe3EjakijJjQyrYELzFl5dJ46zsVcrnd5VS9SqLIw9HcAyn4MEFVOEGalAHBhKe4RXeHO28OO/Ox7w152Qzh/AHzucPEGqQgg==</latexit>

ML

<latexit sha1_base64="WUC489XpX2WOiI7Q/NjMsKttTT4=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMZCIYL5wOQIe5tNsmRv79idE8KRf2FjoYit/8bOf+MmuUITHww83pthZl4QS2HQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYKNGM11kkI90KqOFSKF5HgZK3Ys1pGEjeDEbXU7/5xLURkXrAccz9kA6U6AtG0UqPaYdRSe4m3dtuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns4sn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp+6QnNGcox5ZQpoW9lbAh1ZShDalgQ/AWX14mjbOyVymf31dK1assjjwcwTGcggcXUIUbqEEdGCh4hld4c4zz4rw7H/PWnJPNHMIfOJ8/B1KQfA==</latexit>

Duality: 

In the bulk: H
(Fock)

BH
, |HHi, fMR,

fML

<latexit sha1_base64="V4Kbh8UM5AK67PElJ1c+wAu1jDY="></latexit>

Supports: • Thermal spectral functions of single-trace operators

• Half-sided modular inclusion/translation structure

• Duality with bulk

ℳ
�
Rℳ

�
L ? ℳRℳL

HGNS = H
(Fock)

BH
,

|⌦i = |HHi,

MR = fMR, ML = fML

<latexit sha1_base64="/11sQaStJE8jOBPvUasG+AEhqm4=">AAACknicdVFbb9MwFHbCbZTLOuCNF4sKaUioStAmpmmDwSTIQ4Fx6TapKdGJc9pZtZ3MdkBVlh/E3+GNf4PTBbELHMnS5+/iyzlpIbixQfDL869cvXb9xtLNzq3bd+4ud1fu7Zu81AyHLBe5PkzBoOAKh5ZbgYeFRpCpwIN0ttvoB99QG56rL3Ze4FjCVPEJZ2AdlXR/VDEDQaM6qWIt6dv3n2u6Tc+Tr6P66wKsvsnZ7En9lM Zx5yT+IHEKNNagpgJd6CSK/mxoY2lPeVcnn5waf+cZWi4yPMM723EJ2V9m8B/ngHaSbi/oB4uil0HYgh5pay/p/oyznJUSlWUCjBmFQWHHFWjLmcC6E5cGC2AzmOLIQQUSzbhatLSmjx2T0Umu3VKWLtiziQqkMXOZOqcEe2Quag35L21U2snGuOKqKC0qdnrRpBTU5rSZD824RmbF3AFgmru3UnYEGph1U2yaEF788mWw/6wfrvXXP671drbadiyRh+QRWSUheU52SET2yJAwb9lb9154L/0H/qb/yt89tfpem7lPzpU/+A3accMH</latexit>

fMR, fML

<latexit sha1_base64="FwKxqnrZZSQdy1Yf9KAmUpii6MA=">AAACFXicbVA9SwNBEN2LXzF+nVraLAbBIoQ7iWhhEbCxUIhiPiAJYW9vkizZ2zt295Rw5E/Y+FdsLBSxFez8N26SKzTJg4HHezPMzPMizpR2nB8rs7S8srqWXc9tbG5t79i7ezUVxpJClYY8lA2PKOBMQFUzzaERSSCBx6HuDS7Hfv0BpGKhuNfDCNoB6QnWZZRoI3XsQuuR+aAZ9wEnLUo4vhl17gp4kXzdsfNO0ZkAzxM3JX mUotKxv1t+SOMAhKacKNV0nUi3EyI1oxxGuVasICJ0QHrQNFSQAFQ7mXw1wkdG8XE3lKaExhP170RCAqWGgWc6A6L7atYbi4u8Zqy75+2EiSjWIOh0UTfmWId4HBH2mQSq+dAQQiUzt2LaJ5JQbYLMmRDc2ZfnSe2k6JaKp7elfPkijSOLDtAhOkYuOkNldIUqqIooekIv6A29W8/Wq/VhfU5bM1Y6s4/+wfr6BXnAnl0=</latexit>

are type III1 vN algebras



finding a U(s) boils down to finding an 
appropriate von Neumann subalgebra of

ℳ
�
Rℳ

�
L ? ℳRℳL

MR
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While theorems of half-sided modular translations ensure
existence of a U(s), finding it explicitly in general is very difficult.

Here in the large N limit, algebra of single-trace operators 
in               can be described by that of a generalized free theory. HGNS
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In this case, the expression of U(s) has a universal form up to 
a phase factor which depends on specific algebras. 



�1
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A1 = A2
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In a QFT,

A1 6= A2
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But for algebras of single-trace operator,



Emergent boundary times 

�

�



�

�

An infinite number of emergent times 



Entanglement wedge of a subalgebra

��
�

Finding U(s) is now a strongly 
coupled problem

U(s) determined by phase 
shifts at the horizon

�



Flow pattern in the large mass limit

U V U V

Family of trajectories Constant-s slices
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�

Generation of Kruskal-like V-flow

�



U VU V



We can also consider compositions  of such
Kruskal-like U-type and V-type flows. 



Generalizations



Emergent type III1 is ubiquitous

Consider the boundary CFT in the 
vacuum state and a region RR

Full operator algebra in R is type III1

The completion of single-trace operator 
algebra in R is an emergent type III1
in the large N limit. γR

RER
These two type III1 algebras lead to 
two different types of  divergences in 
the holographic entanglement  entropy



Minimal description of infalling evolution

U(s) = e�iGs, s 2 R, G hermitian
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L R

F

P
G � 0
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2. 

1.   G involves both R and L 
degrees of freedom

Properties: 



It can then be shown that a sharp horizon cannot
exist at finite N.

This is very similar to the situation a discretized QFT 
cannot have a sharp lightcone. 



Discussions



Discussion (I): black hole singularities

Singularities signal that the emergent type III1 cannot be extended
arbitrarily.  

U V

boundary

singularity



Discussion (II): bulk UV divergences

In the Rindler case, what distinguishes the discrete and 
continuum limit are UV divergences.  

Similarly, this emergent III1 structure can be understood as 
origin of bulk UV divergences.

Very different from the standard interpretation, and could 
survive in the full string theory. 



Some future directions

• Better understanding of emergence of the type III1
structure in the infinite N limit, including emergence of 
singularities and their resolution.

• Single-sided black holes

• Maybe hints for emergence of “time” in cosmological 
spacetimes like de Sitter. 

……

• Emergent symmetries: SYK, horizon symmetries, …..



Thank you!



Signature of a sharp horizon

Now consider the probability of p(s) of an in-falling observer 
from R region to observe             . eiAL
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A sharp horizon means that it must have the form: 

p(s) =

(
0 s < s0
6= 0 s > s0

,

<latexit sha1_base64="UDztOG3Yq5VTEKsWlVYKnH7RXu4="></latexit>

Non-smoothness of p(s) reflects a sharp causal structure and 
a sharp horizon. 

| 0i = eiAL |TFDi
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A no-go argument

p(s) = h 0|M(s)| 0i, M(s) = U†(s)PRU(s)
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p(s) = h�(s)|�(s)i, |�(s)i = PRe
�iGs| 0i
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is a vector-valued analytic function of s in the 
lower half complex s-plane

|�(s)i

<latexit sha1_base64="AtrKXa/EKvKFQLqJKC6MIAD8R+w=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5JIRQ8eCl48VrAf0ISy2W7apZtN2N0oJe1P8eJBEa/+Em/+G7dtDtr6YODx3gwz84KEM6Ud59taW9/Y3Nou7BR39/YPDu3SUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh25rcfqVQsFg96nFA/wgPBQkawNlLPLk28ZMgq6hx5EosBp6hnl52qMwdaJW5OypCj0bO/vH5M0ogKTThWqus6ifYzLDUjnE6LXqpogskID2jXUIEjqvxsfvoUnRmlj8JYmhIazdXfExmOlBpHgemMsB6qZW8m/ud1Ux1e+xkTSaqpIItFYcqRjtEsB9RnkhLNx4ZgIpm5FZEhlphok1bRhOAuv7xKWhdVt1a9vK+V6zd5HAU4gVOogAtXUIc7aEATCDzBM7zCmzWxXqx362PRumblM8fwB9bnDy0gk0k=</latexit>

If it zero for a finite interval s0, then it is identically zero.

Thus p(s): 

zero at isolated points (always in causal contact)

always zero (never in causal contact)

But such a sharp signature of horizon appears not allowed by QM:



We appear to find a puzzle here: a sharp bulk 
horizon is incompatible with general rules of QM
on the boundary. 

The argument is very general, independent of specific 
states and quantum systems.



There are an infinite number of      
and  an infinite number of       to 
choose from, leading to an infinite
number of choices of U(s).        

|⌦i
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N
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Discrete Continuum 

Local Hilbert spaces for L and R no

Finite entanglement entropy infinite

Modular operator can be factorized cannot

Type I von Neumann algebra Type III1 von Neumann algebra

Finite projectors, can make 
local measurement using 
projectors

All projectors infinite, cannot 
make local measurement using 
projectors

No sharp light cone (no-go 
argument applies)

sharp light cone (no-go 
argument must fail)



So far: 

• Many boundary observables can probe regions 
behind the horizon

correlation functions, entanglement entropies, complexity …. 

but not directly the casual structure or sharp signatures of 
the horizon. 

• ER=EPR type of arguments also largely a single time slice, 
not causal structure

• HKLL reconstruction can be continued beyond the 
horizon (need to use bulk evolution or analytic structure 
around the horizon)


