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Scattering Amplitudes
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... are the bridge between theory and experiment.



Scattering Amplitudes

...provide a theoretical laboratory to test our theories.

General Relativity
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Scattering Amplitudes

Challenge: Quest for physics beyond the SM and GR

Access to theoretical and experimental laboratories is limited:

® Computing scattering amplitudes is hard.

® At high energies we lack experimental data.

Challenge: Classify the set of consistent theories



Scattering Amplitudes: Bootstrap Approach

Challenge: Carve out space the of consistent theories

Collect theoretical data points by imposing basic physical criteria:

® Lorentz invariance

® Unitarity SST =1

® Locality i ~




The AdS-CFT Correspondence

Quantum Gravity Conformal Field Theory
in anti-de Sitter space on the boundary at infinity

CFT on the
_~ boundary

time QG in AdS




The AdS-CFT Correspondence

Observables in Correlation functions in the
Quantum Gravity B Conformal Field Theory
in anti-de Sitter space - on the boundary at infinity

time

Scattering in AdS



The AdS-CFT Correspondence

Observables in Correlation functions in the
Quantum Gravity B Conformal Field Theory
in anti-de Sitter space - on the boundary at infinity

Defined non-perturbatively by:

® Conformal symmetry

? ' ® Unitarity

time

@Z o Consistent Operator
<'c:91 Product Expansion

Scattering in AdS



Scattering in anti-de Sitter

...in AdS we have a pretty good understanding.

Conformal
boundary

Can we adapt extend this understanding and technigques
beyond the relative security of AdS space?



Scattering in de Sitter

Conformal boundary
at future infinity

time

Conformal boundary
at past infinity

n+1 n+2 n+3 h+4 m



Scattering in de Sitter

Conformal boundary
at future infinity

time




Cosmological Collider Physics

Many groups, e.g.: Chen and Wang 2009, Baumann and Green 2011, Noumi, Yamaguchi and Yokoyama 2013,
Arkani-Hamed and Maldacena 2015; Arkani-Hamed, Baumann, Lee and Pimentel 2018, ...

time

s

Correlations

10 billion years <+ ] )
in Galaxies

Correlations

380,000 1 :
yesr in the CMB
End of Inflation | Correlations on the
(re-heating) \ / Boundary of (quasi-)dS
) ?

Task: Classify the imprints of new degrees of freedom

The Cosmological Bootstrap:

Maldacena 2015; Arkani-Hamed, Benincasa, Mcleod, Parisi, Postnikov, Vergu 2017-; Arkani-Hamed, Baumann, Duaso-Pueyo, .
en and Pajer 2020; Pajer, David Stefanyszyn, Jakub Supet 2020; Goodhew, Jazayeri, Pajer 2020; Céspedes, Davis, Melville 202(



Scattering in de Sitter

Conformal boundary
at future infinity

()
=
wpd
Conformal boundary
ﬁ—F at future infinity
Computed within the in-in (Schwinger-Keldysh) formalism:  — branchofcontour y &+ branch of contour
(anti time-ordered) (time-ordered)

the bulk time integral
follows the in-in contour



Outline

—> Mellin-Barnes representation in momentum space

JF, (a,b:cz) = — &) /m ds T'(a+s)T (b+s)T (—s)

oo 271 ['(c+ s)

[ (a)T (b) . (=2)

e Contact diagrams

® Exchanges

® Constraints on interactions of massless spinning particles



The AdS-CFT Dictionary

Quantum Gravity
in anti-de Sitter space

boundary value

l
ZQaG Ads [ — @)

Elementary field ¥
spin J, mass m’R® = — (AL A_+J)
Ar+A_=d, A >A

Maldacena 1997

OXFORD
DUDEN
AdS - CFT
T Conformal Field Theory
source
|
ZcrT | @)

Local operator O

spin J, scaling dimension A,



The AdS-CFT Dictionary

Maldacena 1997

OXFORD
DUDEN

Quantum Gravity AdS - CFT

DICTIONARY

in anti-de Sitter space Conformal Field Theory

boundary value

source
| |
ZQaG Ads [ — @) Zcrt | @]
Elementary field ¥ Local operator O
spin J, mass m’R*=— (ALA_+J) spin J, scaling dimension Aj
AL +A_=d, AL >A_
01 (Xl)
n-point scattering O (%) O, (x2)

n-point correlator

of particles ¥; of operators O;

Scattering Os (x3)

process!

04 (X4)



Mellin-Barnes Representation

m internal = _ /wo dsy o ds, du; duy o duy, diy,
legs oo 271 2me 21 27 2wt 2
external legs internal legs
Mellin-Barnes representation
—287;—|—A—.'_—% . . )
External leg, momentum k; (k) i external Mellin variable, s;
Poles from the Mellin-Barnes representation  __ Poles in N boundary, z=0
of the propagators for the external legs ’ X o
e.g. scalar field propagator: e > L > > $+3 (5 —47)
Modified Bessel function
d 7 of the second kind
_ 4 (ki A K ) —t—— > :
-7 <T> AY-4 (elki) 4 3 2
) (d +) Euclidean AdS in Poincaré co-ordinates
o o o l(d _ A
+ico s d o ~ K|\ % +Aj’—% ® ® ® ® +3 5 i 2
= [ =t G- A (- (- a0) () I a5t = (Ma5) (022 1 aet



Mellin-Barnes Representation

m internal = _ /ioo dsy ds, du; duy duy, diy,
legs oo 2mi T 2mi 2mi 2w 2mi 2w
external legs internal legs
Mellin-Barnes representation
_9s.aAt_d . .
External leg, momentum k; (|k;|) 7252 —2 external Mellin variable, s;

Translation invariance: k; +...+k, =0 Dilatation Ward identities: s1 + ...+ 8, = const.

. 0o
d - : . dz _
(2’/1‘) 5(d) (kl 4+ kn) — /ddx et (ki+...+kn) 271 O (COIlSt. — 8] —...— Sn) — / 7 const. 2(s14...+sn)
: 0
Poles from the Mellin-Barnes representation Poles in N boundary, z=0
of the propagators for the external legs ’ X o
1(d -
e.g. scalar field propagator: e > L > > ?+: (5 -47)
Modified Bessel function
of the second kind
ar_4d o
= Z% M P2 K d (Z|k1|) ----- : : : } > z
2 Af-3 4 3 2
Euclidean AdS in Poincaré co-ordinates

+_d - e o o o T+%(§—A;*)
ds® =
("

R N —2si+AF -
:/ —z2" SlF(Si—%(%‘A;))F(Si_%(%_A;r)) <7)

2T

2
LAdS) (dz2 + dx2)

—100



Mellin-Barnes Representation

m internal = _ /ioo ds; ds, du; duy duy, diy,
legs . )i 2mi T 2w 2mi 2w T 2mi 2w
) \ /A /
external legs internal legs
Mellin-Barnes representation
s 4AT_d . i
External leg, momentum k; (|k;|) 7252 —2 external Mellin variable, s;
Translation invariance: ky +...+kp, =0 : Dilatation Ward identities: s1 + ...+ s, = const.
; > dz
2m)* 0D (kg + ... + k) = /ddx et (kattkn) : 2710 (const. — s — ... —§,) = / =2 peonst.—2(si+...+sn)
0 <

E.g. 3pt contact diagram, spins J1-J2-J3:

51, kl

d+2(J1+ Jo + J:
ki+kys+ks3=0 S1+ 82+ 83 = 1 2 )

1




Mellin-Barnes Representation

m internal = _ /ioo dsy ds, du; duy duy, diy,
legs u )i 2mi T 2w 2mi 2w T 2mi 2w
: \ /A /
external legs internal legs
Mellin-Barnes representation
_9s4At_d : :
External leg, momentum k; (|k;|) 7252 —2 external Mellin variable, s;
Translation invariance: k; +...+k, =0 : Dilatation Ward identities: s1 + ...+ s, = const.
d ¢(d) do ix-(ki+...4+ky) . *dz const.—2(s14...4+sn)
2m)" 6 (k1 4+ ...+ kp) = [ dxe™V n ; 270 (const. —s1 — ... —5,) = — z "
; o Z
Internal leg, momentum k; (k7 |) 2+ Two internal Mellin variables, u, u

E.q. 4pt spin J exchange:

d+2(J1+ J2+J)
kl ‘|‘k2:k17

4

81+82+u=

d+2(J+ J3+ Jy)
4

ks +kys = —k;

S3 4+ S4+ U=




Bridging the Gap between EAdS and dS

s1, kq

53, k3
\ 100 _ _

e _ ds; o ds,, du; du;y o duy, diy,

legs oo 271 211 211 211 21 2mi
\ f \ / 54, k4

external legs internal legs
kl k2 k3 k4 kn S1, kl 52, k2 53, k3 S4, k4 Sny k’n
' dsy ds,, du; duy du,, dti,, uy, U1
m internal T )i 2mi T 2mi 2mi 2w 2w 2mi :

legs

\/ N/

external legs internal legs



Bridging the Gap between EAdS and dS

Propagators in EAdS and dS take a universal form, constructed from 3 building blocks.
In EAdS we have:

m2, J Q ;
— o |= csc (7 (u—l—ﬂ))I lawp (u,u) + Bwn (u,u)] '%‘

contact terms

Harmonic function, (V> —m?) Qa j =0

wp /N (u, ) project onto Dirichlet/Neumann boundary conditions: 2R _(ALA 4 )

Ay +A =d, Ay >A
1
wp/N (U, u) = Esin (m(u+ 3 (Af —

N

)))sin (7 (@ + 3 (A% = 5)))
Recall the general solution to the wave equation near the boundary of EAdS, z — 0 :
0 (2,k) = azt [Oa, (k) + O (2%)] + 822 [Oa_ (k) + O (2?)]

wp (u, @) wn (u, )

2
ds? = (RAdS) (d2? + dx?)

Z




Bridging the Gap between EAdS and dS

Propagators in EAdS and dS take a universal form, constructed from 3 building blocks.
In EAdS we have:

m2, J Q )
— o |= csc (7 (u—l—ﬂ))I lawp (u,u) + Bwn (u,u)] '%‘

contact terms

Harmonic function, (V> —m?) Qa j =0

wp /N (u, ) project onto Dirichlet/Neumann boundary conditions: 2R _(ALA 4 )

Ay +A =d, Ay >A
1
wp/N (U, u) = Esin (m(u+ 3 (Af —

N

))) sin (7 (@+ 3 (Ax = 5)))

On shell, the factor csc (7 (u 4+ @)) gets cancelled:

m2, J QA,J
——e — [awD (u,ﬂ)—l—BwN (u,ﬂ)] e
u, U u, U

i.e. csc(m(u + 1)) is generated by the source term in the propagator equation.



Bridging the Gap between EAdS and dS

Propagators in EAdS and dS take a universal form, constructed from 3 building blocks.

In dS, for the +-+ branch of the in-in contour, we have:

_ = cse(m (u+1)) [opgwp (u,@) + Brzwn (u,0)]

. contact terms 0
| A+t = — ==

Harmonic function, (V2 —m?) Qa ; =0

m?Ris = (AL A_+J), Ay +A_=d

Recall the general solution to the wave equation near the boundary of dS, n — 0

o (k) =ary (=) [Oa, (k) + O (1)) +Bez (=) [0a_ (k) + O (n?)]

wp (u, ) wn (u, )

For the we have:

aus = B = cso (r ($ = As))exp [— (Au = D)), ass = —Brs = 2osc (r (4 — As)) exp [(As — £) ]



Bridging the Gap between EAdS and dS

Propagators in EAdS and dS take a universal form, constructed from 3 building blocks.

In dS, for the +-+ branch of the in-in contour, we have:

+4

contact terms

— CSC (7r (u + ﬁ))l [Oz:tg: wWp (u, u) + BiLiwnN (u, ’L_L)]

_iil

Harmonic function, (V2 —m?) Qa ; =0

dS and EAdS Harmonic functions differ by a simple phase:

{2 T e
S| —ewFr G- ) milen [F iAo - D)) e
) U 7

_ A ++

Also the bulk-boundary propagators:

:exp[:F(S-l-% (A_ %))m] /

s,k

A/




3pt Contact




3pt Contact

Contact amplitudes in dS can be obtained directly from their EAdS counterparts:

- S, k1 Sa, k2 S3, k3 — 51, kl
T ®
A1, i\ Az, Ja|As, J3 - 3 . Aq, J1
_ ‘ . 1 d
= diexp |Fmi Y (si+35 (A - 9)) As, Ty
Jj=1
] - .KZ,J\
B |+ s2, Ko s3, k3

Overall phase is constant, as required by
the Dilatation Ward identity, since:

d+2(J1+ J2+ Js)
4

S1 + So + 83 =

Above we simply used that:

- S - S




3pt Contact

The full de Sitter 3pt function is the sum from each branch of the in-in contour:

s1, ky s2, ko 83, k3 — 51,k so, ko 83, kz — — 51, kg so, Ko 83, k3 —

Aq, J1 A, 1 A1, Ji

S1, kl




n
,’Zﬁt Contact

n
The full de Sitter,Zf)t function is the sum from each branch of the in-in contour:

S1, kl 52, k2 53, k3 Sn)kn



https://arxiv.org/abs/1906.12302

n
3pt Contact

n
The full de Sitter,Zf)t function is the sum from each branch of the in-in contour:

s1, k1 s2, ko s3, ks Sn, Kn so, ko 83, k3

—— de Sitter contact diagrams can vanish when the sine factor has a zero!


https://arxiv.org/abs/1906.12302

n
,’Zﬁt Contact

n
The full de Sitter,Zf)t function is the sum from each branch of the in-in contour:

s1, k1 s2, ko s3, k3 Sn, Kn so, ko 83, k3

—— de Sitter contact diagrams can vanish when the sine factor has a zero!

E.g. conformally coupled scalars for d=3 (A; =1, J; = 0):

51, kl 52, k2 53, k3 Sn,kn

1,0 1,0

0O forn odd!

Shown to follow from by Goodhew, Jazayeri & Pajer - [Cosmological Optical Theorem, 2020]


https://arxiv.org/abs/1906.12302

Exchanges

Vo e LY



Exchanges in EAdS

Exchanges are straightforwardly reconstructed from their on-shell part:

= csc (7 (u + ﬂ))l

contact terms
S92, k2 S4, k4

Constrained by: ® Factorisation

® Conformal Symmetry

Simply follows from:

= csc(m(u+ u))



Exchanges in EAdS

Factorisation and Conformal Symmetry:

s1, kq s3, K3

g o g

Mack, Dobrev, Petkova, Petrova,
single valued Eigenfunction of Conformal Casimirs Todorov, 1974-7

m2Raqs = — (AL A+ J)



Exchanges in EAdS

Factorisation and Conformal Symmetry:

s1, ki s3, ks

g o g

2, Ko sS4, Kq
single valued Eigenfunction of Conformal Casimirs

(VQ —m2) QA’J =0

Mack, Dobrev, Petkova, Petrova,
Todorov, 1974-7

m°Rigs = — (A+A_ +J)

e.g. Leonhardt, Manvelyan,
Rihl 20083;
Costa, Gongalves,
Penedones 2014



Exchanges in EAdS

Factorisation and Conformal Symmetry:

s1, ki s3, ks

2, Ko s4, ka

Mack, Dobrev, Petkova, Petrova,
single valued Eigenfunction of Conformal Casimirs Todorov, 1974-7

S 2

m°Rigs = — (A+A_ +J)

{ 'U,,kI X ﬂ,—k[ ,

e.g. Leonhardt, Manvelyan,
Ruihl 2003;
Costa, Gongalves,
This duality is made manifest by the “split representation” of Qa s Penedones 2014

(V2 —m2) QA’J =0



Exchanges in EAdS

Factorisation, Conformal Symmetry and boundary conditions:

S1, k1 S3, k3

Factorisation and Conformal Symmetry

m°Rigs = — (A+A_ +J)

S 2

Dirichlet Neumann

| |

[ :I[oz wp (u,u) + Bwn (u, )] I

boundary conditions




Exchanges in EAdS

Factorisation, Conformal Symmetry and boundary conditions:

s1, K1 s3, k3
— [aw_D (u,ﬂ)+IBWN (’U,,'L_[,)] m u7kaaa_kI '
I |
boundary conditions ' ‘
52, k2 5S4, k4

Factorisation and Conformal Symmetry

The full exchange is reconstructed via: m*Rigs = — (A+A_ +J)

s1, kK1 s3, k3

= csc (7 (u + ﬂ))l

contact terms
S2, ko S4, ky




S1, kl

s2, ko

53, k3

Exchanges in dS

5S4, k4

CSC (7 (u + ﬂ))l

contact terms ++

/

branch of
in-in contour

51, kl

52, k2 53, k3 54, k4

Constrained by: ® Factorisation

® Conformal Symmetry



Exchanges in dS

Factorisation and Conformal Symmetry:

s1, k1 s2, ke u,kp u, —Kk; s3, kg s4, ky

[ [

A+7J A_’J




Exchanges in dS

Factorisation and Conformal Symmetry:

s1, ki

52, k2

U,k[ ]

[

A+v

J

u, —Kkj

53, k3

A_,J

[

54, ky




Factorisation, Conformal Symmetry and

s1, ki s2, ko s3, ks 54, Ky
2
9 J 1T
g +4
U, U
2
Zé, 7
For the

ot = fgg = CSC (7T (% - Ai)) exp [_ (A

Exchanges in dS

[ai;_L wp (u, @) + B wn (u, ﬂ)}

s1, ki

52, k2 U,k[ ]

=+

s3, ks s4, ky

o+t = —fz+ = Ecsc (7r (% — Ai)) exp [(A

Factorisation + Conformal Symmetry

- )i




Exchanges in dS

Factorisation, Conformal Symmetry and

s1, k1 s2, ko s3, ks s4, ka o0 Ky ke wks T . .
TA+’J A, T
2 — [ai:T: WD (ua ’L_l,) + ﬂj::T: WN (U, ’l_l,)} ¢
m~, J 1
U, U i 1. i

Factorisation + Conformal Symmetry

The full exchange is reconstructed via:

s1, ki s2, ke s3, ks s, kg s1, ki so, ko s3, ks su kg
= csc (7 (u+ 1))
| I
2 2
m=, J contact terms m=, J
u, U u, U

For the

s = Brx = cso (7 (5 — Az)) exp [~ (Ax — §) mi], opz = —frx = Fosc (7 (5 — Ax)) exp [(Ax — §) mi]




Exchanges in (A)dS

dS exchange in the Bunch-Davies vacuum is a linear combination of AdS exchanges:

2 4
' = sin<g <—d+A++J+Z(Ak+Jk)>>sm(g (—d+A+—|—J—|—Z(Ak+Jk))> M
k=1 k=3 wp (u, )
' | | .

Change in 3pt function (OPE) coefficient, selected by unitarity

| o,
| |
2 4
+ sin (g (—d—l—A+J+Z(Ak—|—Jk)>>sin (g (—d+A+J+Z(Ak+Jk)>> .
k=1 k=3 . wn (u, )




s1, k1 s2, ko s3, ks

54, k4

Exchanges in (A)dS

Factorisation, Conformal Symmetry and

H_

H-

[ai;_L wp (u, @) + B wn (u, ﬂ)}

The bridge to the EAdS exchanges is via:

For the

S1, ki

A1)‘]'1

52, ko

d

53, k3 —

+1exp

“

Qt+ = Pyg = CSC (7T (5 - Ai)) exp [_ (Ai - g) m’] ;

s3, ks s4, ky

-+ -

Factorisation + Conformal Symmetry

—d + Z(Ak + Jk)

k=1

o+t = —fz+ = Ecsc (7r (% — Ai)) exp [(Ai —

)

e

2

51, kl

S2, k2 0 S3, k3

£) i




Exchanges in (A)dS

dS exchange in the Bunch-Davies vacuum is a linear combination of AdS exchanges:

2 4
p— Siﬂ(% (—d+A++J+Z(Ak+Jk)>)Sin<% (_d+A++J+Z(Ak+Jk)>> Ag, J
m?, J k=1 k=3 wp (u, )
L |
I
Change in 3pt function (OPE) coefficient, selected by unitarity
l
| |
2 4 A J
+ sin (g (—d+A + T+ (A +Jk)>) sin (g (—d+A +T+) (Ak+ Jk))> _
k=1 k=3 wn (u, )

This identity can be used to directly import techniques and results from AdS to dS!
Some small steps in 2007.09993 [hep-th]:

AdS exchanges are basic solutions to the crossing equation (associativity of operator
algebra)

— dS exchanges are also solutions to crossing. Their decomposition into conformal blocks
(in all channels) is inherited from those of AdS exchanges (which are known)

® Mellin amplitudes for dS correlators. For AdS, Mellin amplitudes have been an instrumental tool
owing to striking parallels with scattering amplitudes — Mack 2009, Penedones 2010


https://arxiv.org/abs/2007.09993

Exchanges in dS

S1, kl 52, k2 53, k3 B s1, k1 s2, ko 'Uf,kI . S4, Ky 7]

a

The expansion in this limit is generated by residues of poles in u, % . If all the fields are scalars:

k1 ko ks k4

1— non-analytic ————

R n(2t) (220 ) () 0 )

v

+ sin ((A1+A22+A‘_d> 7r) sin ((A3+A42+A‘_d) 7T) (k%)A__g [1+0(k})] +...

v

-+ External conformally coupled/massless scalars:
Arkani-Hamed and Maldacena 2015;
e ntour Arkani-Hamed, Baumann, Lee and Pimentel 2018




Exchanges in dS

817 kl 827 k2 83) k3 B 81, kl 82, k2 ’u,,kI = 84, k4 =

a

The expansion in this limit is generated by residues of poles in u, % . If all the fields are scalars:

k1 ko k3 k4

1— non-analytic ————

ISR n(2nt) (220 ) () 0 )

. _— & ([ A _ ——d
+ 31n(<A1+A22+A ) 7 sin A1t L (k%) *1+0 (k)] +...
Poles in u, U : 1 — 7 g —
X X X X+i(4-4A)
a
3 2 A '
° ° . e +1(4-A4)
-+ External conformally coupled/massless scalars:
Arkani-Hamed and Maldacena 2015;
e ntour Arkani-Hamed, Baumann, Lee and Pimentel 2018



Exchanges in dS

S1, kl 52, k2 53, k3 B s1, k1 s2, ko U,k[ . S4, Ky 7]

a

The expansion in this limit is generated by residues of poles in u, % . If all the fields are scalars:

k1 ko ks k4

1— non-analytic —————
A0 k<l ((A1+A22+Ara*— )w\) St (A A=AV TTTTT 2 (14 0 (k2)]

A\ /

— —=

v

+ sin (<A1+A22+A‘-d> 7r) sin ((A3+A42+A‘_d) 7T) (k%)A__g 1+ 0 (k})] +...

v

C oMM XK ¥ h(E-ay)

-+ External conformally coupled/massless scalars:
Arkani-Hamed and Maldacena 2015;
e ntour Arkani-Hamed, Baumann, Lee and Pimentel 2018




Exchanges in dS

s1, k1 s2, ko s3, ks — =

S1, kl 52, k2 u, kI S4, k4

A
A 4

The expansion in this limit is generated by residues of poles in u, u . If the exchanged field has spin J:

ki ke ks ks 17 non-analytic ———

A4,0 . a—2 ) — . — Ap—4¢

|k1|§|kz| Cg ) (cos 6) |:sm ((A1+A2+2A++J d) 71') sin (<A3+A4+2A++J d) 7T> (k%) +—32
angular dependence, A__d
(Gegenbauer polynomial) + sin ((A1+A2+A_+J_d) 7r) sin ((A3+A4+A_+J_d) 7r) (k%) c2

2 2
Poles in u, u :

° ° ° GD—F% (%—A—)A +...

v

External conformally coupled/massless scalars:
Arkani-Hamed and Maldacena 2015;
Arkani-Hamed, Baumann, Lee and Pimentel 2018

integration contour



Exchanges in dS

s1, k1 s2, ko s3, k3 s1, ky

Ag,Jo Az, J3

csc(m(u+a) Y [oygwp (u,8) + Bz wn (u,a)]

contact terms ++

a

The expansion in this limit is generated by residues of poles in u, u . If the exchanged field has spin J:
k1 k2 k3 k4

17 non-analytic ————
A0 |k1|§|ki| C‘(]%) (cos 0) |:sin ((A1+A2+2A++J—d> ﬂ.) sin ((A3+A4+A++J—d) 7T> (k%)A-q-—%

1

v

angular dependence, A _d
(Gegenbauer polynomial) + sin ( (A1+A2+2A— +J—d) 71—) sin ( (A3+A4 +2A— +J—d) 7r) (k%) -7 |
Poles in u, u : 1
e GDJF%(%_A_)A - - +...
0
t > Resy1a——
3 2 + ZO uta=—n
n—=
e o o (DHE-2v : :
P, e o 1o ... : analytic (k%)n — External conformally coupled/massless scalars:
A — 9, 9 _ Arkani-Hamed and Maldacena 2015;
integration contour ~ H?/m”  EFT expansion Arkani-Hamed, Baumann, Lee and Pimentel 2018



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

AT =d—2+J

Decomposition into helicitiesm =0, 1, ..., J :
k; ko k3 B ] B N
J—1
= +

m=0

| Am=J | im

L I
Suce these lower helicity components

_9aug —> cannot contain bulk contact terms
invariance

(they are at most boundary terms)



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

Ay =d—2+J
Recall that bulk contact singularities are encoded in Dirac delta functions in the external Mellin variables.

For the helicity-m component we have:

51, kl 52, k2 53, k3

[

AT T

AT, 0\ A7,0

x § (424 — (J —m) — 51 — 52 — s3)

This must be here by the Dilatation Ward identities

m



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

Ay =d—2+J
Recall that bulk contact singularities are encoded in Dirac delta functions in the external Mellin variables.

Gauge invariance requires that for the lower helicity components m < J we must have:

S1, kl 52, k2 53, k3

[

A, J

Af,0 AF,0

x (d+42‘7—(J—m)—31—32—33)5(d+42']—(J—m)—51—32—33)
| ]

m < J o . , , i i d+2J _ (. e e g
- - hIIl / d’f} 87] (T}d_z?I_(‘]—rn)—.S]—-82—,53) _ hIn (7}0 2 (] m) S1—S89 33>
mo—0J 1no—0
/ This is a boundary term.



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

Ay =d—2+J
Recall that bulk contact singularities are encoded in Dirac delta functions in the external Mellin variables.

Gauge invariance requires that for the lower helicity components m < J we must have:

S1, kl 52, k2 53, k3

[

A, J

Af,0 AF,0

x (d+42‘7—(J—m)—31—32—33)5(d+42']—(J—m)—51—32—33)
| ]

m<J K . , . d+2J _ (Vo g g
- - lim / d’r} 87] (T}djzz’_(‘]_m)—.sl—.s2—.s3) — lim (7}0 1 (J—m)—s1—s2 ss)
77()—>U — 0 7]()-)0
/ This is a boundary term.

A non-trivial Ward-Takahashi identity is generated by the finite number of poles that satisfy:

d—+2J
+ —(J—m)—81—82—83=
4
whichare: s1=21(A—%)—ni, s2=F3(A—-%)—ny, s3=2(AF-%)—n3, mn;eN

with  (n1+ns+n3)=(J—1—m)



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

Ay =d—2+J
Recall that bulk contact singularities are encoded in Dirac delta functions in the external Mellin variables.

Gauge invariance requires that for the lower helicity components m < J we must have:

S1, kl 52, k2 53, k3

[

A, J

Af,0 AF,0

x (d+42‘7—(J—m)—31—32—33)5(d+42']—(J—m)—51—32—33)
| ]

m<J K . , . d+2J _ (Vo g g
- - lim / d’r} 87] (T}djzz’_(‘]_m)—.sl—.s2—.s3) — lim (7}0 1 (J—m)—s1—s2 ss)
77()—>U — 0 7]()-)0
/ This is a boundary term.

A non-trivial Ward-Takahashi identity is generated by the finite number of poles that satisfy:

d+2J
4

—(J—m)—81—82—83=0

For example: ~  (€-Kki2)” THOA (k1) Oa (k1)) — (€ - k12)” 71 {OA (ko) Oa (=ks))

where £-£=0, £-k3=0

m=J—1



Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

AT =d—-2+J

kq ko ks ky k; ko ks ky k; ko ks ky

m=J -1
. : Bulk contact singularities
~ [ Ward-Takahashi identity ] + ] 9
| | | :
Comes from the on-shell exchange, inherited from Violates gauge invariance. Can they be compensated by:

the gauge invariant 3pt functions

k; ko k3 ky




Constraints on Massless Particles

Toy model: Cubic coupling of a massless spin-J field to scalars.

AT =d—-2+J

kq ko ks ky k; ko ks ky k; ko ks ky

] Bulk contact singularities ]

m=J—1

~ [ Ward-Takahashi identity ] +
| |
i | : :

Comes from the on-shell exchange, inherited from Violates gauge invariance. Can they be compensated by:
the gauge invariant 3pt functions

k; ko k3 ky

These singularities must therefore cancel by themselves — constrains g;

The helicity-(J-1) component this gives the constraint:
J=1:9g2+93+94=0,

4
J—-1
J=2: g2 =93 = 94, [Zgi(ﬂki) ]:0
i=2
J>2:92=93=94=0,



s1, ki s2, ko s3, ks s, ka

[O‘:E:T: WD (ua ’U,) + B:I::T: WN (’LL, ﬂ)]

boundary conditions +

Factorisation + Conformal Symmetry

Plenty of diverse directions for the future!

® Higher points and Loops. Nice parallel with generalised unitarity methods/Cutkosky rules:

s1, ki sa, ke s3, ks s4, kg s, ki so, ke us,k upkp ik G-k sa ks snki ]

Ug, U2 - - ddk
= Z [a:l:j} wp (u1,U1) + Bri wn (Ulﬂh)] [Oéi;_u wp (u2,u2) + ByLs wN (Uz,uz)] @ )d
- T
L=

U, Uy

e Bootstrap of Euclidean CFTs dual to dS physics?

® (Celestial Amplitudes?



Back up slides



Contact Amplitudes

AdS 3pt contact amplitude of generic scalars

3 ' . k] —28j+’i1/j
% — (81 + 89 -I-Sg)) HF (Sj + %) r (Sj — %) (é)
j=1
bulk integration external legs m2R% = A; (A, — d)
A] = g + il/j

Bulk-boundary propagator
in Poincaré coordinates:

0 iv ico —2s+1v
)=t (5) muen= [ e nre-9)(3)

.2
T —100

Modified Bessel function
of the second kind

42 — B2 dz? + dy2

Bulk integration is encoded in a Dirac delta function:

3 d
d o F—
%) (5 —2(s1 +s2+ 83)) = zlolmo 3 s »i=1

L» The sum of the Mellin variables is thus conserved: si1 + s2 + s3 = i



S1, kl

52, k2 53, k3 S4, k4

Ag,Jo Az, J3

Exchanges in dS

The Mellin-Barnes representation above captures the full analytic structure of the boundary correlators.

cf. Mellin-Barnes representation
of the Gauss Hypergeometric function

oF1 (a,b;¢c;2) = (=3)

I'(c) /ioo ds '(a+s)T(b+s)T
Cioo 2T ['(c+ s)

residues of the ®

b & (), ), 2
zz_:o A

1z| <1

Poles in s:
e >1 ] Jzl <1 | Useful to establish:
[ ] [ ] o [ ] L .
B \ e |dentities and Transformation formulas
> O o O > H H
of 1 2 3 e Asymptotic Expansions
e o o o e Resolution of Singularities
-b A
integration contour

(—2)°

ASYMPTOTICS
AND
MELLIN-BARNES
INTEGRALS

R.B. PARIS
D. KAMINSKI



Exchanges in dS

s1, k1 s2, ko s3, ks 54, ka

Ag,Jo Az, J3

The Mellin-Barnes representation above captures the full analytic structure of the boundary correlators.

in- : r o gds T (b (- e .
cf. Mellin-Barnes representation JF) (a, b c; 2) = (c) s' (a+s)T(b+s)I'(—s) (—2) =b (1—2)
of the Gauss Hypergeometric function I'(a)T (b) 271 I'(c+s)

o \cf.
For some special representations [e.g. (partially)-massless fields| the Mellin-Barnes integrals can be lifted.

e.g. massless spin-J exchange between conformally coupled scalars:

3 7 3 r helicity-J
ox (2 )35(3)(24:1{) 1 J—1 § e . iyt i |
' i Es+ ...
= (B (Br) (2r) 7;)? (] Pl (sl + ) + hert) (ks| 20)" | By + t

Lower helicity,

Simple integer coefficients.
contact terms

cf. corresponding amplitude in (d+1)-dimensional flat space:

kg k3
4 :
-dim. s ki = (ki ks
5 e = (2m)6(50) (2n)° 6O (S k) lEJ (d+1)-dim. null momentum: k; = (|k;/,k;)
: S — e
i—1 Er = [ki| + [ko| + k3| + [k4
k k k
' ! (d+1)-dim. Mandelstam variable Ep = |ki| + |ko| + k1|, Er=|ks|+ |ks| + k4]



Exchanges in dS

s1, k1 s2, ko s3, ks 54, ka

Ag,Jo Az, J3

The Mellin-Barnes representation above captures the full analytic structure of the boundary correlators.

in- : r o gds T (b ['(— e .
cf. Mellin-Barnes representation JF) (a, b c; 2) = (c) s' (a+s)T(b+s)I'(—s) (—2) =b (1—2)
of the Gauss Hypergeometric function I'(a)T (b) 271 I'(c+s)

o \cf.
For some special representations [e.g. (partially)-massless fields| the Mellin-Barnes integrals can be lifted.

e.g. massless spin-J exchange between conformally coupled scalars:

kq ko ks ky helicity-J
4 J—1 1
3 5(3) 1 J-1-n ol o
oc (2m)” 0 () ki) — o (ke + |ka|) (Jks| + [kal) + [kz|? K| 2) " By + ..
; VB0 (B (T | 2 on (el + o) (sl - leal) + e )™ (el 200" 25 1
Lower helicity,
contact terms
Mald. , Pimentel
St | Br—o
ko ks
1 (d+1)-dim. null momentum: k; = (|k;|, k;)
Er Fro X power
(ET) Er = k1| + |ko| + |k3| + | k4]

k
! ks Ep = |ki| + |ka| + |k;1|, Egr = |kr|+ |ka| + k4



Exchanges in dS

s1, k1 s2, ko s3, ks 54, ka

Ag,Jo Az, J3

The Mellin-Barnes representation above captures the full analytic structure of the boundary correlators.

in- : r o gds T (b ['(— e .
cf. Mellin-Barnes representation JF) (a, b c; 2) = (c) s' (a+s)T(b+s)I'(—s) (—2) =b (1—2)
of the Gauss Hypergeometric function I'(a)T (b) 271 I'(c+s)

o \cf.
For some special representations [e.g. (partially)-massless fields| the Mellin-Barnes integrals can be lifted.

e.g. massless spin-J exchange between conformally coupled scalars:

k ko k3 k4 helicity-J
x <27f>35(3)<ik-> : JZ (k] + [ka]) (ks + [kal) + [kr[2) 77 (kg 2)" : +
1 — n — co
P (EL)J (ER)J (ET)ZJ 1 ot 1 2 3 4 1 I|\=T J T
| I
: Lower helicity,
1 Er — 0 contact terms
Flat limit l Er — 0 .
(BLER)’— =s/71
ks ks
1 3 @) 4 =, 1 (d+1)-dim. null momentum: k; = (|k;|,k;)
(L) = s (Er) Er = [ki| + [ko| + |ks| + |k4|

k
! ks Ep = |ki| + |ka| + |k;1|, Egr = |kr|+ |ka| + k4



Exchanges in dS

s1, k1 s2, ko s3, ks 54, ka

Ag,Jo Az, J3

For some special representations [e.g. (partially)-massless fields| the Mellin-Barnes integrals can be lifted.

e.g. 4pt exchange in Yang-Mills theory

X (|kI| + ET) X pIM (k17k27kf;£17§2’D§) p\—(M (_kI>k37k4;§7 63764)

| - |
1 L

contraction of the 3pt tensorial structures

4
1
o< faprfren (2m)* 6@ (Y ki) x
aBefecp (2m) (; ) \ki|ErLErEr

fABE .
fE(,,'[)

Flat limit l Er —0

&1,k &3, k3

4
faBefECD (27r)3 5(3)(Zki )% X De,kr X & kg
i=1

&, ko Ea,ky

The highest helicity component is simple and given by the 3pt Yang-Mills amplitude in flat space:

&1,k
piV (k1 ko, kr;61,82,8) [_yq = —il(61-k2) (G2- &) + (&2 ki) (§- &) + (€ k) (61-&)] = & kr

52) k2



Exchanges in dS

s1, k1 s2, ko s3, ks 54, ka

Ag,Jo Az, J3

For some special representations [e.g. (partially)-massless fields| the Mellin-Barnes integrals can be lifted.

e.g. 4pt exchange in Yang-Mills theory

4
X faBefeEcD (27T)3 5(3)(21{1) X X (|kI| + ET) X PIM (k17k27kI;€17€2’D§) p\—(M (_kI>k37k4;§7 63764)
i=1 l I

1 1
contraction of the 3pt tensorial structures

1
|kr|ELERET

fABE .
fE(,,'[)

e.g. 4pt exchange in Gravity

T T T T

4

’ Poly (|ks|, [ki|)
o< i (2m)7 6P (Y ki) % Yol SR (K1, ko, ky; €1, €, De) pO (—kp, ks, kas £, £,
(2) (; ) k1B ()% (En) (1) p; (ki ko, kr;&1,62, De) p= (—kr, ks, kas €, €3, &4)

The double-copy structure of flat scattering amplitudes is encoded in dS correlators:

2
GR YM
ki ko kri€,6,6) | = (PP (ki ko kis€,6,€) |
Py (ky, ko, kyr;&1,&2,€) g (p:I: (ki1,ko,kr;61,62,8) A:il)



