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G E N E R A L  M O T I V AT I O N

hydrodynamics works 
unreasonably well

quantum chaotic mess 
drives collective transport

are hydrodynamic observables, 
such as diffusion and the speed of 

sound, bounded?

precise analytic understanding of transport

can we find exact and rigorous bounds 
on transport, given some precise set of 
analyticity conditions? 

they need not be universal



• low-energy limit of QFTs — a Schwinger-Keldysh effective field theory  
[Grozdanov, Polonyi (2013); Crossley, Glorioso, Liu (2015); Haehl, Loganayagam, Rangamani (2015); …] 

• conservation laws (equations of motion) of globally conserved operators 

• tensor structures (symmetries, gradient expansions) and transport coefficients (QFT)
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higher-form currents in MHD 
[Grozdanov, Hofman, Iqbal,  
PRD (2017)]
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• dispersion relations:



O U T L I N E

• complex spectral curves and convergence 

• quantum chaos through pole-skipping 

• bounds from univalence 

• summary and future directions



C O M P L E X  S P E C T R A L  C U R V E S  
A N D  C O N V E R G E N C E
[Grozdanov, Kovtun, Starinets, Tadić, PRL (2019); …]
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• hydrodynamic modes as complex spectral curves  
[Grozdanov, Kovtun, Starinets, Tadić, PRL (2019) and JHEP (2019)] 

• e.g., first-order hydrodynamics: 

• Puiseux theorem: there exists a convergent series around a critical point of any order 

• convergence guaranteed up to the nearest (non-trivial) critical point (branch point) 
cf., the Newton polygon or the Darboux theorem [Grozdanov, Starinets, Tadić, to appear] 

w =
!

2⇡T
, q =

|q|
2⇡T

2 C
<latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit>

H Y D R O DY N A M I C S  A S  C O M P L E X  S P E C T R A L  C U R V E S

P1(q
2,!) =

�
! + iDq2

�2 �
!2 + i�!q2 � v2sq

2
�
= 0

<latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit>

P (q2,!) = 0 =) !i(q
2)

<latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit>

hydro: 

QNM:

detL(q2,!) = 0

a(q2,!) = 0
<latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) = 0, . . . , @p
!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit>

f(t) ⇠ r(t)

✓
1� t

t0

◆�⌫

, t ! t0

<latexit sha1_base64="SWOxeS+RKmUAuiSi5iav/Clx7WE="></latexit>

⌫ = lim
n!1

✓
t0(n+ 1)

an+1

an
� n

◆

<latexit sha1_base64="rFtusR+mGtgsKacg40fVPThxyzI="></latexit>

next critical point
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• hydrodynamic series are convergent Puiseux series (shear p=1, sound p=2) 

• radius of convergence in               SYM [Grozdanov, Starinets, Tadić, to appear] 

H Y D R O DY N A M I C S  A S  C O M P L E X  S P E C T R A L  C U R V E S

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

N = 4

Rshear(�) = 2.22
⇣
1 + 674.15��3/2 + · · ·

⌘

Rsound(�) = 2
⇣
1 + 481.68��3/2 + · · ·

⌘

<latexit sha1_base64="L/JoI1VQBwn1rncx/xZH7IAJTzo="></latexit>

perturbative 
to non-
perturbative 
transition



8

A N A LY T I C  S T R U C T U R E

• analytic structure of dispersion relations for               supersymmetric Yang-Mills theory 

• dispersion relations are Riemann surfaces connecting physical modes  
(analytic continuation)

N = 4



9

U N R E A S O N A B L E  E F F E C T I V E N E S S

microscopic input 
from holography

radius of 
convergence in 

N=4 SYM at strong 
coupling

q/T ⇠ O(10)
<latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit>

orders of magnitude larger radius of convergence than naive                   —   
this is a precise incarnation of the “unreasonable effectiveness of hydrodynamics”

q/T ⌧ 1
<latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit>

“unreasonable”: hydro works for large derivatives; 
it has exceptional analytic properties at strong coupling

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

finite coupling:



Q U A N T U M  C H A O S  A N D   
P O L E - S K I P P I N G
[Grozdanov, Schalm, Scopelliti, PRL (2017); …]



• the Maldacena-Shenker-Stanford bound on exponential Lyapunov chaos 

• in finite-N systems, quantum chaos spreads polynomially with a bounded rate of growth — 
weak quantum chaos [Kukuljan, Grozdanov, Prosen, PRB (2017)]

C H A O S

• classical chaos means extreme  
sensitivity to initial conditions 

• “what is quantum chaos?”  
a measure: “out-of-time-ordered” correlation functions [Larkin, Ovchinnikov; Kitaev] 

11

t = ti
<latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit><latexit sha1_base64="aTlpyVuOK1SrwmxYNNcc7PnlDM0=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF20kmGzM4uM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuilIlLfn+h7e0vLK6tl7YKG5ube/slvb2GzbJjMC6SFRiWhG3qKTGOklS2EoN8jhS2IxG11O/eY/GykTf0TjFMOYDLftScHJSk9glo67slspBxZ+B/U3KsECtW3rv9BKRxahJKG5tO/BTCnNuSAqFk2Ins5hyMeIDbDuqeYw2zGfnTtixU3qsnxhXmthM/TqR89jacRy5zpjT0P70puJvXjuj/kWYS51mhFrMF/UzxShh099ZTxoUpMaOcGGku5WJITdckEuo+L8QGqeVwPHbs3L1ahFHAQ7hCE4ggHOowg3UoA4CRvAAT/Dspd6j9+K9zluXvMXMAXyD9/YJZJmO8A==</latexit>

butterfly velocityLyapunov exponent

|�Z(t,x)| ⇡ |�Z(ti,xi)| e�L(t�|x|/vB)
<latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit><latexit sha1_base64="qUE9jHzxrnD3rv2gum5ugT/KQbc="></latexit>

C(t,x) =
⌦
[W (t,x), V (0,0)]†[W (t,x), V (0,0)]

↵
T
⇠ ✏ e�L(t�|x|/vB)

<latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit>

‘quantum’ Lyapunov exponent butterfly velocity

OTOC of

OTOC of
�L  2⇡T/~

<latexit sha1_base64="+aCwkNCcmv+Humhuo/8dRm1sMTo=">AAACB3icjVC7SgNBFJ2Nrxhfq5aCDAbBKu6GgNoFbSwsIuQF2WW5OzubDJl9ODMrhCWdjb9iY6GIrb9g5984eRQqCh64cDjnXGbu8VPOpLKsD6OwsLi0vFJcLa2tb2xumds7bZlkgtAWSXgiuj5IyllMW4opTrupoBD5nHb84cXE79xSIVkSN9UopW4E/ZiFjIDSkmfuO1yHA/CusMPpDa5iJ2W4iY+xM/BBeGbZrlhT4L9JGc3R8Mx3J0hIFtFYEQ5S9mwrVW4OQjHC6bjkZJKmQIbQpz1NY4iodPPpHWN8qJUAh4nQEys8Vb9u5BBJOYp8nYxADeRPbyL+5vUyFZ66OYvTTNGYzB4KM45Vgiel4IAJShQfaQJEMP1XTAYggChdXel/JbSrFbtWObuulevn8zqKaA8doCNkoxNUR5eogVqIoDv0gJ7Qs3FvPBovxussWjDmO7voG4y3Txpal48=</latexit>



• precise analytic connection between ‘low-energy’ hydrodynamics and quantum chaos 
[Grozdanov, Schalm, Scopelliti, PRL (2017); Blake, Lee, Liu, JHEP (2018); Blake, Davison,  
Grozdanov, Liu, JHEP (2018); Grozdanov, JHEP (2019)] 

• resumed all-order hydrodynamic series (e.g. sound) 
 
passes through a “chaos point” at imaginary momentum 
 
 
 
where the associated 2-pt function is “0/0”:
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P O L E - S K I P P I N G

• triviality of Einstein’s equations at the horizon [Blake, Davison, Grozdanov, Liu, JHEP (2018)] 

• infinite constraints on correlators at multiples of Matsubara  
frequencies [Grozdanov, Kovtun, Starinets, Tadić, JHEP (2019);  
Blake, Davison, Vegh, JHEP (2019)]

!(q = i�L/vB) = i�L = 2⇡Ti

<latexit sha1_base64="jJ50BD0MLIwNZRlYmG8xTf6sF9g=">AAACIHicjVDLSgMxFM34rPVVdenmYhHqpk5LoboolLpx4aJCX9ApQybNtKGZyZhkCqX0U9z4K25cKKI7/RrTx0KLggcuHM65h+QeL+JMadv+sFZW19Y3NhNbye2d3b391MFhQ4lYElonggvZ8rCinIW0rpnmtBVJigOP06Y3uJr6zSGViomwpkcR7QS4FzKfEayN5KaKjghoD2fuoAQMHG6SXezewDkM3crZkliCPDgRgxowN5XOZe0Z4G+SRgtU3dS70xUkDmioCcdKtXN2pDtjLDUjnE6STqxohMkA92jb0BAHVHXGswMncGqULvhCmgk1zNTviTEOlBoFntkMsO6rZW8q/ua1Y+1fdMYsjGJNQzJ/yI85aAHTtqDLJCWajwzBRDLzVyB9LDHRptPk/0po5LO5QvbytpAuVxZ1JNAxOkEZlENFVEbXqIrqiKB79Iie0Yv1YD1Zr9bbfHXFWmSO0A9Yn19rpZ9q</latexit>

ResG""
R (! = i�L, q = i�L/vB) = 0

<latexit sha1_base64="dey/kE208Vg+KROzc3Wv13EuOsM="></latexit>

!(q) =
1X

n=1

↵n (T, µi, hOji,�) q
n

<latexit sha1_base64="To9yxa+mzYJakn3WRao+JdZjwrM="></latexit>



B O U N D S  F R O M  U N I V A L E N C E
[Grozdanov, PRL (2021)]

C~/(kBT ) . ⌧R

<latexit sha1_base64="CgmozGYOlhtOv3P4q1bOHXBSumA=">AAACFHicjVDLSgNBEJyNrxhfqx69DAYhIsSsBNRbSC4eo+QF2WXpncwmQ2YfzMwKYclHePFXvHhQxKsHb/6Ns0kOKgoWNBRV3XR3eTFnUlUqH0ZuaXlldS2/XtjY3NreMXf3OjJKBKFtEvFI9DyQlLOQthVTnPZiQSHwOO1640bmd2+pkCwKW2oSUyeAYch8RkBpyTVP7ADUiABPG1NsjzwQ+BSXxm4dt46xzamUkgXYVpC4N65ZtMqVGfDfpIgWaLrmuz2ISBLQUBEOUvatSqycFIRihNNpwU4kjYGMYUj7moYQUOmks6em+EgrA+xHQleo8Ez9OpFCIOUk8HRn9oL86WXib14/Uf6Fk7IwThQNyXyRn3CsIpwlhAdMUKL4RBMggulbMRmBAKJ0joX/hdA5K1vV8uV1tVirL+LIowN0iErIQueohq5QE7URQXfoAT2hZ+PeeDRejNd5a85YzOyjbzDePgFYIZ0l</latexit>

~/(4⇡kB)  ⌘/s

<latexit sha1_base64="VrJgUIX/sIN80jOx7yXngHKh0i0=">AAACCnicjZBLSwMxFIUz9VXra9Slm2gR6qZ2pKDuSt24rGAf0BmGTHqnDc1kxiQjlKFrN/4VNy4UcesvcOe/MX0sVBQ8EDh8516SnCDhTOlK5cPKLSwuLa/kVwtr6xubW/b2TkvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHw4tJ3r4FqVgsrvUoAS8ifcFCRok2yLf33UFAJD7GpaqbMDz060fY5XCDXdAEG658u+iUK1Phv00RzdXw7Xe3F9M0AqEpJ0p1nUqivYxIzSiHccFNFSSEDkkfusYKEoHysulXxvjQkB4OY2mO0HhKv25kJFJqFAVmMiJ6oH5mE/hb1k11eOZlTCSpBkFnF4UpxzrGk15wj0mgmo+MIVQy81ZMB0QSqk17hf+V0DopO9Xy+VW1WKvP68ijPXSASshBp6iGLlEDNRFFd+gBPaFn6956tF6s19lozprv7KJvst4+AcDbl8g=</latexit>

Cv2B/�L . D

<latexit sha1_base64="BTfTqcQx84eRl4754oUOM4dt9+c=">AAACEXicjVDLSsNAFJ34rPUVdelmsAhd1aQU1F1pXbhwUcE+oIlhMpm0Q2eSMDMplNBfcOOvuHGhiFt37vwbJ20XKgoeuHA4596Ze4+fMCqVZX0YS8srq2vrhY3i5tb2zq65t9+RcSowaeOYxaLnI0kYjUhbUcVILxEEcZ+Rrj9q5n53TISkcXSjJglxORpENKQYKS15ZtnhSA0xYllzCsde47YKT6DD9AMB8q40I1JKyuGFZ5bsijUD/JuUwAItz3x3ghinnEQKMyRl37YS5WZIKIoZmRadVJIE4REakL6mEeJEutnsoik81koAw1joihScqV8nMsSlnHBfd+b7y59eLv7m9VMVnrkZjZJUkQjPPwpTBlUM83hgQAXBik00QVhQvSvEQyQQVjrE4v9C6FQrdq1yfl0r1RuLOArgEByBMrDBKaiDS9ACbYDBHXgAT+DZuDcejRfjdd66ZCxmDsA3GG+fjBqcOQ==</latexit>

vs  c/
p
3

<latexit sha1_base64="edPf5F+HupH9imghe3FVQ40Uiy4=">AAAB/nicjVDLSsNAFJ34rPUVFVduBovgqiZaUHdFNy4r2Ac0IUymk3boZJLO3BRKKPgrblwo4tbvcOffOH0sVBQ8cOFwzr3cwwlTwTU4zoe1sLi0vLJaWCuub2xubds7uw2dZIqyOk1Eoloh0UxwyerAQbBWqhiJQ8GaYf964jeHTGmeyDsYpcyPSVfyiFMCRgrs/WGgsSfYAFN8gj09UJCfjQO75JadKfDfpITmqAX2u9dJaBYzCVQQrduuk4KfEwWcCjYueplmKaF90mVtQyWJmfbzafwxPjJKB0eJMiMBT9WvFzmJtR7FodmMCfT0T28i/ua1M4gu/JzLNAMm6exRlAkMCZ50gTtcMQpiZAihipusmPaIIhRMY8X/ldA4LbuV8uVtpVS9mtdRQAfoEB0jF52jKrpBNVRHFOXoAT2hZ+veerRerNfZ6oI1v9lD32C9fQLnAZTV</latexit>

�L  2⇡T/~

<latexit sha1_base64="+aCwkNCcmv+Humhuo/8dRm1sMTo=">AAACB3icjVC7SgNBFJ2Nrxhfq5aCDAbBKu6GgNoFbSwsIuQF2WW5OzubDJl9ODMrhCWdjb9iY6GIrb9g5984eRQqCh64cDjnXGbu8VPOpLKsD6OwsLi0vFJcLa2tb2xumds7bZlkgtAWSXgiuj5IyllMW4opTrupoBD5nHb84cXE79xSIVkSN9UopW4E/ZiFjIDSkmfuO1yHA/CusMPpDa5iJ2W4iY+xM/BBeGbZrlhT4L9JGc3R8Mx3J0hIFtFYEQ5S9mwrVW4OQjHC6bjkZJKmQIbQpz1NY4iodPPpHWN8qJUAh4nQEys8Vb9u5BBJOYp8nYxADeRPbyL+5vUyFZ66OYvTTNGYzB4KM45Vgiel4IAJShQfaQJEMP1XTAYggChdXel/JbSrFbtWObuulevn8zqKaA8doCNkoxNUR5eogVqIoDv0gJ7Qs3FvPBovxussWjDmO7voG4y3Txpal48=</latexit>

relaxation time 
[Sachdev; …]

shear viscosity 
[Kovtun, Son, 
Starinets; …]

diffusion vs. chaos 
[Hartnoll; Blake, …]

sound  
[Hohler, Stephanov; Cherman, 

Cohen, Nellore; …]

exponential Lyapunov chaos

polynomial weak chaos

can we find exact and rigorous bounds 
on transport, given some precise set of 
analyticity conditions? 

they need not be universal

… closer in the spirit of exactness and non-
universality, but not really, to [Grozdanov, 
Lucas, Sachdev Schalm, PRL (2015)]
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• univalent function                         is a complex, holomorphic and injective function 

• injectivity:  

• for          univalent in some region     , by the Riemann mapping theorem:

U N I V A L E N T  F U N C T I O N S

f(z1) 6= f(z2) for all z1 6= z2

<latexit sha1_base64="kQOE2BoO6SsKfc6lfOHHMnO9CKo=">AAACGHicjVA9TwJBFNzzE/ELtbTZSEy0QY6QqB3RxhITQRMgZG95Bxv39s7dd0a8wL+w8a/YWGiMLZ3/xj2gUKOJU01m5uW9N14khcFi8cOZmZ2bX1jMLGWXV1bX1nMbm3UTxppDjYcy1FceMyCFghoKlHAVaWCBJ+HSuz5N/ctb0EaE6gL7EbQC1lXCF5yhldq5A3/vvu3u06aCG5ry0v6wiXCHiR9qyqQcDKkNTHzrtnN5t1Acg/5N8mSKajs3anZCHgegkEtmTMMtRthKmEbBJQyyzdhAxPg160LDUsUCMK1k/NiA7lqlQ9NL/FAhHatfJxIWGNMPPJsMGPbMTy8Vf/MaMfpHrUSoKEZQfLLIjyXFkKYt0Y7QwFH2LWFcC3sr5T2mGUfbZfZ/JdRLBbdcOD4v5ysn0zoyZJvskD3ikkNSIWekSmqEkwfyRF7Iq/PoPDtvzvskOuNMZ7bINzijT1AInr0=</latexit>

f(z), z 2 C

<latexit sha1_base64="n7YzuTwvPiw1IeQL6TmwVI5fvgU=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBahgpRGCuqu2I3LCvYBTSiT6aQdOpmEmYnQhoq/4saFIm79Dnf+jZO2CxUFD1w4nHMv93D8mDOly+UPa2FxaXllNbeWX9/Y3Nq2d3abKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHtcxv3VKpWCRu9CimXoj7ggWMYG2krr0fFMfHJ3djlwnkhlgPfD+tTbp2wSmVp0B/kwLMUe/a724vIklIhSYcK9VxyrH2Uiw1I5xO8m6iaIzJEPdpx1CBQ6q8dBp/go6M0kNBJM0Ijabq14sUh0qNQt9sZgnVTy8Tf/M6iQ7OvZSJONFUkNmjIOFIRyjrAvWYpETzkSGYSGayIjLAEhNtGsv/r4TmacmplC6uK4Xq5byOHBzAIRTBgTOowhXUoQEEUniAJ3i27q1H68V6na0uWPObPfgG6+0Tf/2VOQ==</latexit>

U

<latexit sha1_base64="8VH4WTJKCGQvjgBd/PZNN9yjrHY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkUN0V3bisYNpCG8pkOmmHTiZhZqKUmE9x40IRt36JO//GadqFioIHLhzOuS9OkHCmtON8WKWV1bX1jfJmZWt7Z3fPru53VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbTy7nfvaVSsVjc6FlC/QiPBQsZwdpIQ7uaDYolWcAxmebIy4d2za07BdDfpAZLtIf2+2AUkzSiQhOOleq7TqL9DEvNCKd5ZZAqmpjleEz7hgocUeVnxdUcHRtlhMJYmhIaFerXiQxHSs2iwHRGWE/UT28u/ub1Ux2e+RkTSaqpIItDYcqRjtE8BzRikhLNZ4ZgIpn5FZEJlphok1blfyF0Tutuo35+3ai1LpZxlOEQjuAEXGhCC66gDR4QuIMHeIJn6956tF6s10VryVrOHMA3WG+foCaUQQ==</latexit>

z

<latexit sha1_base64="GvO+0KyWFBqbMHJKkm1kIcOcNPY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkoO6KblxWsA9oQ5lMJ+3QySTMTJQY8yluXCji1i9x5984TbtQUfDAhcM598XxY86UdpwPq7S0vLK6Vl6vbGxube/Y1d2OihJJaJtEPJI9HyvKmaBtzTSnvVhSHPqcdv3pxczv3lCpWCSudRpTL8RjwQJGsDbS0K5mg2JJ5nNMpjm6y4d2za07BdDfpAYLtIb2+2AUkSSkQhOOleq7Tqy9DEvNCKd5ZZAoGpvleEz7hgocUuVlxdUcHRplhIJImhIaFerXiQyHSqWhbzpDrCfqpzcTf/P6iQ5OvYyJONFUkPmhIOFIR2iWAxoxSYnmqSGYSGZ+RWSCJSbapFX5Xwid47rbqJ9dNWrN80UcZdiHAzgCF06gCZfQgjYQuIUHeIJn6956tF6s13lryVrM7ME3WG+f2F+UZg==</latexit>

⇣

<latexit sha1_base64="5w3oJjuUcNgwxH8JhR4vrSDz4VA=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBbBVUmkoO6KblxWsA9oQplMJ+3QyYOZG6GGgL/ixoUibv0Od/6N08dCRcEDA4dz7r1nOEEqhUbH+bAWFpeWV1ZLa+X1jc2tbXtnt6WTTDHeZIlMVCegmksR8yYKlLyTKk6jQPJ2MLqc+O1brrRI4hscp9yP6CAWoWAUjdSz93NveiQPJGWjgnh3HGnRsytu1ZmC/E0qMEejZ797/YRlEY+RSap113VS9HOqUDDJi7KXaZ6aADrgXUNjGnHt59PkghwZpU/CRJkXI5mqXzdyGmk9jgIzGVEc6p/eRPzN62YYnvm5iNMMecxmQWEmCSZk0gXpC8UZyrEhlClh/krYkCrK0DRW/l8JrZOqW6ueX9cq9Yt5HSU4gEM4BhdOoQ5X0IAmMMjhAZ7g2bq3Hq0X63U2umDNd/bgG6y3T/JaliQ=</latexit>

D

<latexit sha1_base64="r334kN+KeW1/RZDGghhAXNkmIDg=">AAACA3icjVDLSsNAFL2pr1pfUXe6GSyCq5JKQd0VdeGygn1AE8pkOmmHTiZhZiKUEHDjr7hxoYhbf8Kdf+Mk7UJFwQMDh3PunXM5fsyZ0o7zYZUWFpeWV8qrlbX1jc0te3uno6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cpH73VsqFYvEjZ7G1AvxSLCAEayNNLD3Urf4JPU5JpMMuSHWY99PL7NsYFfrNacA+ptUYY7WwH53hxFJQio04Vipft2JtZdiqRnhNKu4iaKxScEj2jdU4JAqLy3iM3RolCEKImme0KhQv26kOFRqGvpmMj9R/fRy8Tevn+jg1EuZiBNNBZkFBQlHOkJ5IWjIJCWaTw3BRDJzKyJjLDHRprbK/0roHNfqjdrZdaPaPJ/XUYZ9OIAjqMMJNOEKWtAGAnfwAE/wbN1bj9aL9TobLVnznV34BuvtE9NdmEw=</latexit>

⇣ = '(z)

<latexit sha1_base64="2Tz/D3rL0yKQzxfFi+hD2h5WWro=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBahbkoiBXUhFN24rGAf0IQymU7aoZNJmJkU29BfceNCEbf+iDv/xuljoaLggQuHc+7lHk6QcKa043xYuZXVtfWN/GZha3tnd8/eLzZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvZ35rRKVisbjT44T6Ee4LFjKCtZG6dtGbUI3RJfJGWCYDVp6cdO2SW3HmQH+TEixR79rvXi8maUSFJhwr1XGdRPsZlpoRTqcFL1U0wWSI+7RjqMARVX42zz5Fx0bpoTCWZoRGc/XrRYYjpcZRYDYjrAfqpzcTf/M6qQ7P/YyJJNVUkMWjMOVIx2hWBOoxSYnmY0MwkcxkRWSAJSba1FX4XwnN04pbrVzcVku1q2UdeTiEIyiDC2dQgxuoQwMI3MMDPMGzNbUerRfrdbGas5Y3B/AN1tsn0e+TrA==</latexit>

z = '�1(⇣)

<latexit sha1_base64="fDcJ2YzmCch20r2AKudRRjxBsqA=">AAACAXicjVDLSgNBEOz1GeNr1YvgZTAI8WDISkA9CEEvHiOYB2TXMDuZTYbMzi4zs4FkiRd/xYsHRbz6F978GyePg4qCBQ1FVTfdXX7MmdLF4oc1N7+wuLScWcmurq1vbNpb2zUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+73LsV/vU6lYJG70IKZeiDuCBYxgbaSWvTtE58jtYxl32W165IxQ3h1SjQ9bds4pFCdAf5MczFBp2e9uOyJJSIUmHCvVdIqx9lIsNSOcjrJuomiMSQ93aNNQgUOqvHTywQgdGKWNgkiaEhpN1K8TKQ6VGoS+6Qyx7qqf3lj8zWsmOjj1UibiRFNBpouChCMdoXEcqM0kJZoPDMFEMnMrIl0sMdEmtOz/QqgdF5xS4ey6lCtfzOLIwB7sQx4cOIEyXEEFqkDgDh7gCZ6te+vRerFep61z1mxmB77BevsEnKWVvA==</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

U

<latexit sha1_base64="UWttEO5phJHgvHsS8LS/RMdZYL4=">AAAB6HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHhswbSFNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3H4cVBR8MPB4b4aZeWEquDau++EU1tY3NreK26Wd3b39g/LhUVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5Hrud+5RaZ7IWzNNMYjpSPKIM2qs1PIH5YpXdRcgf5MKrNAclN/7w4RlMUrDBNW657mpCXKqDGcCZ6V+pjGlbEJH2LNU0hh1kC8OnZEzqwxJlChb0pCF+nUip7HW0zi0nTE1Y/3Tm4u/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsSv8LoX1R9WrVq1at0qiv4ijCCZzCOXhwCQ24gSb4wADhAZ7g2blzHp0X53XZWnBWM8fwDc7bJ7ZwjN4=</latexit>

f(⇣) = ⇣ +
1X

n=2

bn⇣
n

<latexit sha1_base64="7nWKTEw585NUxScXUA6qjKoSeVw=">AAACGXicjVDLSgMxFM34rPVVdekmWISKUKalYF0UCm5cVrAP6EyHTJppQzOZIbkj1KG/4cZfceNCEZe68m9MHwsVBQ9cOJxzD8k9fiy4Btv+sJaWV1bX1jMb2c2t7Z3d3N5+S0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/upj67RumNI/kNYxj5oZkIHnAKQEjeTk7KDi3DMgJruEZwafY0UnopbJWnvQcLgMYY9+Tc7dnIvlS0Z4B/03yaIGGl3tz+hFNQiaBCqJ1t2TH4KZEAaeCTbJOollM6IgMWNdQSUKm3XR22QQfG6WPg0iZkYBn6tdESkKtx6FvNkMCQ/3Tm4q/ed0EgqqbchknwCSdPxQkAkOEpzXhPleMghgbQqji5q+YDokiFEyZ2f+V0CoXS5Xi+VUlX68u6sigQ3SECqiEzlAdXaIGaiKK7tADekLP1r31aL1Yr/PVJWuROUDfYL1/Anw+n2M=</latexit>

D = {⇣ | |⇣| < 1}

<latexit sha1_base64="5y6UzymiR1QsyWWhliHJQGgjn9o=">AAACE3icjVBNS8MwGE7n15xfVY9egkMQkdHKwAkKAz14nOA+YC0jzdItLE1Lkgqz63/w4l/x4kERr168+W9Mux1UFHwg4cnzvC9v3seLGJXKsj6Mwtz8wuJScbm0srq2vmFubrVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y3OM799Q4SkIb9W44i4ARpw6lOMlJZ65oETIDX0vOQihWfQSZxbopBzCCcwu/LXBJ5CGzppzyzbFSsH/JuUwQyNnvnu9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJN8pxTuaaUP/VDowxXM1a8dCQqkHAeersw2kD+9TPzN68bKr7kJ5VGsCMfTQX7MoAphFhDsU0GwYmNNEBZU/xXiIRIIKx1j6X8htI4qdrVyclUt12uzOIpgB+yCfWCDY1AHl6ABmgCDO/AAnsCzcW88Gi/G67S0YMx6tsE3GG+fDVKcWA==</latexit>

is univalent in D

<latexit sha1_base64="hpRiGmMg1LVeQJweANZ9XtPqHws=">AAAB8XicjVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VdeGygn1gO5RMeqcNzWSGJCOUoX/hxoUibv0bd/6NmbYLFQUPBA7n3Ms9OUEiuDau++EUlpZXVteK66WNza3tnfLuXkvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH48vcb9+j0jyWt2aSoB/RoeQhZ9RY6a4XUTMKguxq2i9XvKo7A/mbVGCBRr/83hvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1slnhKjqwyIGGs7JOGzNSvGxmNtJ5EgZ3ME+qfXi7+5nVTE575GZdJalCy+aEwFcTEJP8+GXCFzIiJJZQpbrMSNqKKMmNLKv2vhNZJ1atVz29qlfrFoo4iHMAhHIMHp1CHa2hAExhIeIAneHa08+i8OK/z0YKz2NmHb3DePgGwXpDz</latexit>

• holomorphic functions are “stiff”, univalent function even more so…  

• the growth theorem: 

• the famous Bieberbach conjecture (1916), now de Branges’s theorem (1985):

|⇣|
(1 + |⇣|)2

 |f(⇣)|  |⇣|
(1� |⇣|)2

<latexit sha1_base64="S3T5IRIrWWCiB8Wa1l8W5kC4+PY="></latexit>

|bn|  n, for all n � 2

<latexit sha1_base64="yGKyN7ZZPJqnzBJL9Y93ljlN/Ik=">AAACFHicjVC7SgNBFJ31GeNr1dJmMAiCEpIQMHYBG8sI5gHZEGYnd5Mhs7Obmbti2MR/sPFXbCwUsbWw82/cPAoVBU91OOde7rnHDaUwmMt9WAuLS8srq6m19PrG5ta2vbNbM0GkOVR5IAPdcJkBKRRUUaCERqiB+a6Euts/n/j1a9BGBOoKhyG0fNZVwhOcYSK17eMRdduKjqgjYUDViTOIWMdBuMHYCzRlUo5vFXW6iVlo25l8NjcF/ZtkyByVtv3udAIe+aCQS2ZMM58LsRUzjYJLGKedyEDIeJ91oZlQxXwwrXj61JgeJkqHTkJ4gUI6Vb9uxMw3Zui7yaTPsGd+ehPxN68ZoVdqxUKFEYLis0NeJCkGdNIQ7QgNHOUwIYxrkWSlvMc045j0mP5fCbVCNl/Mnl0WM+XSvI4U2ScH5IjkySkpkwtSIVXCyR15IE/k2bq3Hq0X63U2umDNd/bIN1hvn6qNnfQ=</latexit>
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• the Koebe function defined on                               : 

• it saturates all univalence inequalities 

• it is a conformal map to the complex plane without a semi-infinite line: 

• the Koebe 1/4 theorem (proven by Bieberbach):

E X T R E M E  U N I V A L E N C E :  T H E  K O E B E  F U N C T I O N

fK(⇣) =
⇣

(1� ⇣)2
= ⇣ + 2⇣2 + 3⇣3 + . . . =

1X

n=1

n⇣n

<latexit sha1_base64="qKw1R1GICXLeXYggrj/Lj2Z/3Bk="></latexit>

fK : D ! C \ (�1,�1/4]

<latexit sha1_base64="kSOL+Z00S7ZJY9iWLxNiLgAR4o0=">AAACInicjVDLSgMxFM3UV62vqks3wSJ0YWtHClpXxboQ3FSwD+gMJZNmamgmMyR3hDL0W9z4K25cKOpK8GNMH4iKggcC555zL/fmeJHgGkqlNys1N7+wuJRezqysrq1vZDe3mjqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW8QW3st26Y0jyUVzCMmBuQvuQ+pwSM1M1W/O4FPsFOQODa85KzEXYg/CxrptQMAi5jjfMFh0sfhvu4YB+U3W42ZxdLE+C/SQ7NUO9mX5xeSOOASaCCaN2xSxG4CVHAqWCjjBNrFhE6IH3WMVSSgGk3mXxxhPeM0sN+qMyTgCfq14mEBFoPA890jm/XP72x+JvXicE/dhMuoxiYpNNFfiywSWGcF+5xxSiIoSGEKm5uxfSaKELBpJr5XwjNw6JdLlYuy7nq6SyONNpBuyiPbHSEqugc1VEDUXSL7tEjerLurAfr2Xqdtqas2cw2+gbr/QN1GaJh</latexit>

any univalent function            mapping              

contains a disk of radius 

f(⇣)

<latexit sha1_base64="ZssY/rA2wlc79Au+TBt3WCMxHF4=">AAAB73icjVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjBPOAZAmzk95kyOzsOjMrxCU/4cWDIl79HW/+jZPHQUXBgoaiqpvuriARXBvX/XByS8srq2v59cLG5tb2TnF3r6njVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0eXUb92h0jyWN2acoB/RgeQhZ9RYqR2Wu/do6HGvWPIq7gzkb1KCBeq94nu3H7M0QmmYoFp3PDcxfkaV4UzgpNBNNSaUjegAO5ZKGqH2s9m9E3JklT4JY2VLGjJTv05kNNJ6HAW2M6JmqH96U/E3r5Oa8MzPuExSg5LNF4WpICYm0+dJnytkRowtoUxxeythQ6ooMzaiwv9CaJ5UvGrl/Lpaql0s4sjDARxCGTw4hRpcQR0awEDAAzzBs3PrPDovzuu8NecsZvbhG5y3T3rRj6A=</latexit>

D ! C

<latexit sha1_base64="1n9tX1CeGTlHK1KWX3gu/s5BJLE=">AAACAnicjVDLSsNAFL2pr1pfUVfiZrAIrkoqBXVXrAuXFewDmlAm00k7dDIJMxOhhODGX3HjQhG3foU7/8ZJW0FFwQMDZ865l3vv8WPOlHacd6uwsLi0vFJcLa2tb2xu2ds7bRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3440bud26oVCwS13oSUy/EQ8ECRrA2Ut/ec0OsR76fXmTI1RH6/Dayvl2uVpwp0N+kDHM0+/abO4hIElKhCcdK9apOrL0US80Ip1nJTRSNMRnjIe0ZKnBIlZdOT8jQoVEGKIikeUKjqfq1I8WhUpPQN5X5huqnl4u/eb1EB6deykScaCrIbFCQcGRuzfNAAyYp0XxiCCaSmV0RGWGJiTaplf4XQvu4Uq1Vzq5q5fr5PI4i7MMBHEEVTqAOl9CEFhC4hXt4hCfrznqwnq2XWWnBmvfswjdYrx8Rdpc+</latexit>

D = {⇣ | |⇣| < 1}

<latexit sha1_base64="5y6UzymiR1QsyWWhliHJQGgjn9o=">AAACE3icjVBNS8MwGE7n15xfVY9egkMQkdHKwAkKAz14nOA+YC0jzdItLE1Lkgqz63/w4l/x4kERr168+W9Mux1UFHwg4cnzvC9v3seLGJXKsj6Mwtz8wuJScbm0srq2vmFubrVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y3OM799Q4SkIb9W44i4ARpw6lOMlJZ65oETIDX0vOQihWfQSZxbopBzCCcwu/LXBJ5CGzppzyzbFSsH/JuUwQyNnvnu9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJN8pxTuaaUP/VDowxXM1a8dCQqkHAeersw2kD+9TPzN68bKr7kJ5VGsCMfTQX7MoAphFhDsU0GwYmNNEBZU/xXiIRIIKx1j6X8htI4qdrVyclUt12uzOIpgB+yCfWCDY1AHl6ABmgCDO/AAnsCzcW88Gi/G67S0YMx6tsE3GG+fDVKcWA==</latexit>

|f(⇣)| = 1/4

<latexit sha1_base64="1TdB/GkwbTWJ8wL+M0rTjCr7xSQ=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAYhXmJWAupBCHrxGME8IFnC7GQ2GTL7YKY3EDf5Ey8eFPHqn3jzb5w8DioKFjQUVd10UV4shcZS6cPKLC2vrK5l13Mbm1vbO/buXl1HiWK8xiIZqaZHNZci5DUUKHkzVpwGnuQNb3A99RtDrrSIwjscxdwNaC8UvmAUjdSx7bFfaN9zpMdjckmck3LHzjvF0gzkb5KHBaod+73djVgS8BCZpFq3nFKMbkoVCib5JNdONI8pG9Aebxka0oBrN50ln5Ajo3SJHykzIZKZ+vUipYHWo8AzmwHFvv7pTcXfvFaC/rmbijBOkIds/shPJMGITGsgXaE4QzkyhDIlTFbC+lRRhqas3P9KqJ8WnXLx4racr1wt6sjCARxCARw4gwrcQBVqwGAID/AEz1ZqPVov1ut8NWMtbvbhG6y3T1B+kio=</latexit>
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W H E N  I S  A  F U N C T I O N  U N I V A L E N T ?

• when is          univalent and what is     ?  

• local univalence                            everywhere is insufficient 

• global univalence is tricky! 

• sufficient vs. necessary conditions; e.g., in terms of  

• we will choose 

• if, moreover,                                        then we get even stronger bounds (MacGregor):

f 0(z) 6= 0

<latexit sha1_base64="f6FmF/UeiaTkh+xxmwHn960swvQ=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDjJWwkYLwFvHiMYB6QLGF20psMmZ3dzMwG4pLv8OJBEa9+jDf/xsnjoKJgQUNR1U0X5ceCa+O6H87K6tr6xmZmK7u9s7u3nzs4bOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/eD3zm2NUmkfyzkxi9ELalzzgjBorecFZ4f6cdCSOiEu6uXyp6M5B/iZ5WKLWzb13ehFLQpSGCap1u+TGxkupMpwJnGY7icaYsiHtY9tSSUPUXjoPPSWnVumRIFJ2pCFz9etFSkOtJ6FvN0NqBvqnNxN/89qJCSpeymWcGJRs8ShIBDERmTVAelwhM2JiCWWK26yEDaiizNiesv8roXFRLJWLV7flfLWyrCMDx3ACBSjBJVThBmpQBwYjeIAneHbGzqPz4rwuVlec5c0RfIPz9glhdZCJ</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

U

<latexit sha1_base64="UWttEO5phJHgvHsS8LS/RMdZYL4=">AAAB6HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHhswbSFNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3H4cVBR8MPB4b4aZeWEquDau++EU1tY3NreK26Wd3b39g/LhUVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5Hrud+5RaZ7IWzNNMYjpSPKIM2qs1PIH5YpXdRcgf5MKrNAclN/7w4RlMUrDBNW657mpCXKqDGcCZ6V+pjGlbEJH2LNU0hh1kC8OnZEzqwxJlChb0pCF+nUip7HW0zi0nTE1Y/3Tm4u/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsSv8LoX1R9WrVq1at0qiv4ijCCZzCOXhwCQ24gSb4wADhAZ7g2blzHp0X53XZWnBWM8fwDc7bJ7ZwjN4=</latexit>

|{f(z), z}|  2

(1� |z|2)2
, |z| < 1

<latexit sha1_base64="0yiMrs70yG660PsbiSL5UGirilg="></latexit>

if         is univalent, then |{f(z), z}|  6

(1� |z|2)2
, |z| < 1

<latexit sha1_base64="rf/n9a280a/QlJKiUoX3McaO51g="></latexit>

        is univalent iff(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

�|⇣|+ 2 ln (1 + |⇣|)  |f(⇣)|  �|⇣|� 2 ln (1� |⇣|)
|bn|  2/n, for all n � 2

<latexit sha1_base64="xu7Ka/i/fyPsTMO6Pfkf5FI2UJc="></latexit>

Re f 0(z) > 0 in any convex z 2 U ⇢ C

<latexit sha1_base64="P/wxaMmSszkQJ3wgqc2N9rBfCPA="></latexit>

Re f 0(⇣) > 0, ⇣ 2 D,

<latexit sha1_base64="sjPba4OjBjSQ4XYjBo0hkIg+X2M=">AAACG3icjVBNS8NAEN3Ur1q/qh69LBaxQimpCNaLCHrwqGKt0ISy2U7s0s0m7E7EGurv8OJf8eJBEU+CB/+NaexBRcEHA2/fm2FnnhdJYdC2363c2PjE5FR+ujAzOze/UFxcOjNhrDk0eChDfe4xA1IoaKBACeeRBhZ4Eppeb3/oNy9BGxGqU+xH4AbsQglfcIap1C5uOghXmJzAwKn462XnGpBt0F1qV+gNzV7UEYo6AcOu5yUHgwptF0u1qp2B/k1KZISjdvHV6YQ8DkAhl8yYVs2O0E2YRsElDApObCBivMcuoJVSxQIwbpLdNqBrqdKhfqjTUkgz9etEwgJj+oGXdg53ND+9ofib14rRr7uJUFGMoPjnR34sKYZ0GBTtCA0cZT8ljGuR7kp5l2nGMY2z8L8Qzjarta3qzvFWaa8+iiNPVsgqKZMa2SZ75JAckQbh5Jbck0fyZN1ZD9az9fLZmrNGM8vkG6y3D7zyn1c=</latexit>

{f(z), z} = f 000(z)/f 0(z)� (3/2) (f 00(z)/f 0(z))
2

<latexit sha1_base64="4bVjtfMIw3c29oUyN+IqRK6S3ZQ=">AAACLXicjVDLSgMxFM34rPVVdekmWKQtaDutBXUhFHXhsoJ9QKeWTJppQzMPkjtCO/SH3PgrIrioiFt/w/SxsKLggXBPzrmX5B47EFyBaY6MhcWl5ZXV2Fp8fWNzazuxs1tVfigpq1Bf+LJuE8UE91gFOAhWDyQjri1Yze5djf3aA5OK+94d9APWdEnH4w6nBLTUSlxbkZMeZI4G1hBfYCeVSukbzmk2rvgYp09yhQy2BHMg7cy7luSdLmTuC61EMp81J8B/kySaodxKvFhtn4Yu84AKolQjbwbQjIgETgUbxq1QsYDQHumwhqYecZlqRpNth/hQK23s+FIfD/BE/T4REVepvmvrTpdAV/30xuJvXiME56wZcS8IgXl0+pATCgw+HkeH21wyCqKvCaGS679i2iWSUNABx/8XQrWQzRez57fFZOlyFkcM7aMDlEZ5dIpK6AaVUQVR9Iie0Qi9GU/Gq/FufExbF4zZzB6ag/H5BbdfoS0=</latexit>
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• series: 

• dispersion relations have a finite region of univalence 

• def:

B O U N D S  O N  H Y D R O DY N A M I C S

fdi↵(z) = i!di↵(z)  ! fdi↵(⇣) ⌘
i!di↵('�1(⇣))

D@⇣'�1(0)
= ⇣ +

1X

n=2

bdi↵n ⇣n

<latexit sha1_base64="A5j7Krep+zoiIx9Re9/f7x9cVAA="></latexit>

• exact and rigorous bounds on all coefficients immediately follow (similarly for sound):

U

<latexit sha1_base64="8VH4WTJKCGQvjgBd/PZNN9yjrHY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkUN0V3bisYNpCG8pkOmmHTiZhZqKUmE9x40IRt36JO//GadqFioIHLhzOuS9OkHCmtON8WKWV1bX1jfJmZWt7Z3fPru53VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbTy7nfvaVSsVjc6FlC/QiPBQsZwdpIQ7uaDYolWcAxmebIy4d2za07BdDfpAZLtIf2+2AUkzSiQhOOleq7TqL9DEvNCKd5ZZAqmpjleEz7hgocUeVnxdUcHRtlhMJYmhIaFerXiQxHSs2iwHRGWE/UT28u/ub1Ux2e+RkTSaqpIItDYcqRjtE8BzRikhLNZ4ZgIpn5FZEJlphok1blfyF0Tutuo35+3ai1LpZxlOEQjuAEXGhCC66gDR4QuIMHeIJn6956tF6s10VryVrOHMA3WG+foCaUQQ==</latexit>

z

<latexit sha1_base64="GvO+0KyWFBqbMHJKkm1kIcOcNPY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkoO6KblxWsA9oQ5lMJ+3QySTMTJQY8yluXCji1i9x5984TbtQUfDAhcM598XxY86UdpwPq7S0vLK6Vl6vbGxube/Y1d2OihJJaJtEPJI9HyvKmaBtzTSnvVhSHPqcdv3pxczv3lCpWCSudRpTL8RjwQJGsDbS0K5mg2JJ5nNMpjm6y4d2za07BdDfpAYLtIb2+2AUkSSkQhOOleq7Tqy9DEvNCKd5ZZAoGpvleEz7hgocUuVlxdUcHRplhIJImhIaFerXiQyHSqWhbzpDrCfqpzcTf/P6iQ5OvYyJONFUkPmhIOFIR2iWAxoxSYnmqSGYSGZ+RWSCJSbapFX5Xwid47rbqJ9dNWrN80UcZdiHAzgCF06gCZfQgjYQuIUHeIJn6956tF6s13lryVrM7ME3WG+f2F+UZg==</latexit>

⇣

<latexit sha1_base64="5w3oJjuUcNgwxH8JhR4vrSDz4VA=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBbBVUmkoO6KblxWsA9oQplMJ+3QyYOZG6GGgL/ixoUibv0Od/6N08dCRcEDA4dz7r1nOEEqhUbH+bAWFpeWV1ZLa+X1jc2tbXtnt6WTTDHeZIlMVCegmksR8yYKlLyTKk6jQPJ2MLqc+O1brrRI4hscp9yP6CAWoWAUjdSz93NveiQPJGWjgnh3HGnRsytu1ZmC/E0qMEejZ797/YRlEY+RSap113VS9HOqUDDJi7KXaZ6aADrgXUNjGnHt59PkghwZpU/CRJkXI5mqXzdyGmk9jgIzGVEc6p/eRPzN62YYnvm5iNMMecxmQWEmCSZk0gXpC8UZyrEhlClh/krYkCrK0DRW/l8JrZOqW6ueX9cq9Yt5HSU4gEM4BhdOoQ5X0IAmMMjhAZ7g2bq3Hq0X63U2umDNd/bgG6y3T/JaliQ=</latexit>

D

<latexit sha1_base64="r334kN+KeW1/RZDGghhAXNkmIDg=">AAACA3icjVDLSsNAFL2pr1pfUXe6GSyCq5JKQd0VdeGygn1AE8pkOmmHTiZhZiKUEHDjr7hxoYhbf8Kdf+Mk7UJFwQMDh3PunXM5fsyZ0o7zYZUWFpeWV8qrlbX1jc0te3uno6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cpH73VsqFYvEjZ7G1AvxSLCAEayNNLD3Urf4JPU5JpMMuSHWY99PL7NsYFfrNacA+ptUYY7WwH53hxFJQio04Vipft2JtZdiqRnhNKu4iaKxScEj2jdU4JAqLy3iM3RolCEKImme0KhQv26kOFRqGvpmMj9R/fRy8Tevn+jg1EuZiBNNBZkFBQlHOkJ5IWjIJCWaTw3BRDJzKyJjLDHRprbK/0roHNfqjdrZdaPaPJ/XUYZ9OIAjqMMJNOEKWtAGAnfwAE/wbN1bj9aL9TobLVnznV34BuvtE9NdmEw=</latexit>

⇣ = '(z)

<latexit sha1_base64="2Tz/D3rL0yKQzxfFi+hD2h5WWro=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBahbkoiBXUhFN24rGAf0IQymU7aoZNJmJkU29BfceNCEbf+iDv/xuljoaLggQuHc+7lHk6QcKa043xYuZXVtfWN/GZha3tnd8/eLzZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvZ35rRKVisbjT44T6Ee4LFjKCtZG6dtGbUI3RJfJGWCYDVp6cdO2SW3HmQH+TEixR79rvXi8maUSFJhwr1XGdRPsZlpoRTqcFL1U0wWSI+7RjqMARVX42zz5Fx0bpoTCWZoRGc/XrRYYjpcZRYDYjrAfqpzcTf/M6qQ7P/YyJJNVUkMWjMOVIx2hWBOoxSYnmY0MwkcxkRWSAJSba1FX4XwnN04pbrVzcVku1q2UdeTiEIyiDC2dQgxuoQwMI3MMDPMGzNbUerRfrdbGas5Y3B/AN1tsn0e+TrA==</latexit>

z = '�1(⇣)

<latexit sha1_base64="fDcJ2YzmCch20r2AKudRRjxBsqA=">AAACAXicjVDLSgNBEOz1GeNr1YvgZTAI8WDISkA9CEEvHiOYB2TXMDuZTYbMzi4zs4FkiRd/xYsHRbz6F978GyePg4qCBQ1FVTfdXX7MmdLF4oc1N7+wuLScWcmurq1vbNpb2zUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+73LsV/vU6lYJG70IKZeiDuCBYxgbaSWvTtE58jtYxl32W165IxQ3h1SjQ9bds4pFCdAf5MczFBp2e9uOyJJSIUmHCvVdIqx9lIsNSOcjrJuomiMSQ93aNNQgUOqvHTywQgdGKWNgkiaEhpN1K8TKQ6VGoS+6Qyx7qqf3lj8zWsmOjj1UibiRFNBpouChCMdoXEcqM0kJZoPDMFEMnMrIl0sMdEmtOz/QqgdF5xS4ey6lCtfzOLIwB7sQx4cOIEyXEEFqkDgDh7gCZ6te+vRerFep61z1mxmB77BevsEnKWVvA==</latexit>

z0

<latexit sha1_base64="2LTnZkxjlP96MUt9hfsgpcrDDtI=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBVUlEsO4KblxWsA9oQ5hMJ+3QySTMTIQY4q+4caGIWz/EnX/jNO1CRcEDFw7n3BcnSDhT2nE+rMrK6tr6RnWztrW9s7tn7x/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MLud+/5ZKxWJxo7OEehGeCBYygrWRfLuej8olecAxmRXozncK3264TacE+ps0YImOb7+PxjFJIyo04Vipoesk2sux1IxwWtRGqaKJWY8ndGiowBFVXl7eLdCxUcYojKUpoVGpfp3IcaRUFgWmM8J6qn56c/E3b5jqsOXlTCSppoIsDoUpRzpG8yTQmElKNM8MwUQy8ysiUywx0Sav2v9C6J023bPmxfVZo91axlGFQziCE3DhHNpwBR3oAoEMHuAJnq1769F6sV4XrRVrOVOHb7DePgEGd5T/</latexit>

⇣0 = '(z0)

<latexit sha1_base64="rumsx1CGLq96izN5xdS7YhNTSl8=">AAACD3icjVDLSsNAFJ3UV62vqEs3g0Wpm5JKwboQCm5cVrC10IRwM520QycPZiaFNuQP3Pgrblwo4tatO//GadqFioIHLhzOuS+OF3MmlWV9GIWl5ZXVteJ6aWNza3vH3N3ryCgRhLZJxCPR9UBSzkLaVkxx2o0FhcDj9NYbXc782zEVkkXhjZrE1AlgEDKfEVBacs3j1M6XpB4HMsqwPaUKXAtfYHsMIh6yytS1TjLXLNeqVg78NymjBVqu+W73I5IENFSEg5S9mhUrJwWhGOE0K9mJpLG+CAPa0zSEgEonzV/J8JFW+tiPhK5Q4Vz9OpFCIOUk8HRnAGoof3oz8Tevlyi/4aQsjBNFQzI/5CccqwjPwsF9JihRfKIJEMH0r5gMQQBROsLS/0LonFZr9er5db3cbCziKKIDdIgqqIbOUBNdoRZqI4Lu0AN6Qs/GvfFovBiv89aCsZjZR99gvH0CKGmcEA==</latexit>

|!0| (1� |⇣0|)2

|⇣0| |@⇣'�1(0)|  D  |!0| (1 + |⇣0|)2

|⇣0| |@⇣'�1(0)|

<latexit sha1_base64="ZTUL03jwWnif+GkRgjwNeQcF6E4="></latexit>

|bn|  n )

�����c2 +
D

2

@2
⇣'

�1(0)

[@⇣'�1(0)]2

����� 
2D

|@⇣'�1(0)| , . . .

<latexit sha1_base64="whglbrKzltTX8eS+B/YC/EhgGK8="></latexit>

map 0 to 0

U

<latexit sha1_base64="UWttEO5phJHgvHsS8LS/RMdZYL4=">AAAB6HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHhswbSFNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3H4cVBR8MPB4b4aZeWEquDau++EU1tY3NreK26Wd3b39g/LhUVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5Hrud+5RaZ7IWzNNMYjpSPKIM2qs1PIH5YpXdRcgf5MKrNAclN/7w4RlMUrDBNW657mpCXKqDGcCZ6V+pjGlbEJH2LNU0hh1kC8OnZEzqwxJlChb0pCF+nUip7HW0zi0nTE1Y/3Tm4u/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsSv8LoX1R9WrVq1at0qiv4ijCCZzCOXhwCQ24gSb4wADhAZ7g2blzHp0X53XZWnBWM8fwDc7bJ7ZwjN4=</latexit>

need to know the 
value of the dispersion 

relation at one point
!0 ⌘ !(z0)

<latexit sha1_base64="4kl0uwkNSQuNPpd0b0Sh9EbX+u4=">AAACBHicjVC7SgNBFJ2Nrxhfq5ZpBoMQm7CRgNoFbSwjmAdkl2V2cjcZMrOzzswG4pLCxl+xsVDE1o+w82/cPAoVBQ9cOHPOvdy5J4g508ZxPqzc0vLK6lp+vbCxubW9Y+/utbRMFIUmlVyqTkA0cBZB0zDDoRMrICLg0A6GF1O/PQKlmYyuzTgGT5B+xEJGickk3y66UkCf+A524SZhIzx/l29958i3S9WKMwP+m5TQAg3ffnd7kiYCIkM50bpbdWLjpUQZRjlMCm6iISZ0SPrQzWhEBGgvnR0xwYeZ0sOhVFlFBs/UrxMpEVqPRZB1CmIG+qc3FX/zuokJT72URXFiIKLzRWHCsZF4mgjuMQXU8HFGCFUs+yumA6IINVluhf+F0DquVGuVs6taqX6+iCOPiugAlVEVnaA6ukQN1EQU3aEH9ISerXvr0XqxXuetOWsxs4++wXr7BFAil0E=</latexit>

• stronger bounds with logs follow if Re f 0(⇣) > 0, |⇣| < 1

<latexit sha1_base64="D9Dw9aOs9B+ylAs4NXUU0/78BkI=">AAACD3icjVDLSgNBEJz1bXytevQyGNQIIeyKoIJIwItHFfOA7BJmJ71xcPbBTK8YN/ELvPgrXjwo4tWrN//GTcxBRcGChpqqbnq6vFgKjZb1boyMjo1PTE5N52Zm5+YXzMWlqo4SxaHCIxmpusc0SBFCBQVKqMcKWOBJqHkXh32/dglKiyg8w04MbsDaofAFZ5hJTXPdQbjC9BR6TtHfKDjXgGyTHlCreEO7g1eX7lO7aebtkjUA/ZvkyRDHTfPNaUU8CSBELpnWDduK0U2ZQsEl9HJOoiFm/IK1oZHRkAWg3XRwT4+uZUqL+pHKKkQ6UL9OpCzQuhN4WWfA8Fz/9Prib14jQX/XTUUYJwgh/1zkJ5JiRPvh0JZQwFF2MsK4EtlfKT9ninHMIsz9L4TqVsneLu2dbOfLu8M4psgKWSUFYpMdUiZH5JhUCCe35J48kifjzngwno2Xz9YRYzizTL7BeP0A4J6anw==</latexit>

!di↵(z ⌘ q2) = �i
1X

n=1

cnz
n, c1 = D; !±

sound(z ⌘
p
q2) = �i

1X

n=1

ane
± i⇡n

2 zn

<latexit sha1_base64="IsJOEdsiu/S7xG3vvS72YuFgp5w="></latexit>
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• are hydrodynamic dispersion relations really univalent?  

• they are holomorphic and invertible at              (Puiseux), hence locally univalent;  
a finite                                                     with group velocity                            and                   

B O U N D S  O N  H Y D R O DY N A M I C S

z = 0

<latexit sha1_base64="RTpcjPeUvlAV/BSW5mrZFMQQRNI=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYD0IBS8eK5i20Iay2W7apZtN2J0INfQ3ePGgiFd/kDf/jduPg4qCDwYe780wMy9MpTDouh9OYWV1bX2juFna2t7Z3SvvH7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhq5rfvuDYiUbc4SXkQ06ESkWAUreTfk0vi9ssVr+rOQf4mFVii2S+/9wYJy2KukElqTNdzUwxyqlEwyaelXmZ4StmYDnnXUkVjboJ8fuyUnFhlQKJE21JI5urXiZzGxkzi0HbGFEfmpzcTf/O6GUb1IBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n9L/QmidVb1a9eKmVmnUl3EU4QiO4RQ8OIcGXEMTfGAg4AGe4NlRzqPz4rwuWgvOcuYQvsF5+wSLVI3Y</latexit>

vg = @!/@q

<latexit sha1_base64="Xy5F5MIwopoyxD71DUfC2XKPFg8=">AAACC3icjVDLSgMxFM3UV62vUZduQovgqs5IwboQCm5cVrAPaIchk2amoclkTDKFMnTvxl9x40IRt/6AO//GTFvwgYIHLhzOufcm9wQJo0o7zrtVWFpeWV0rrpc2Nre2d+zdvbYSqcSkhQUTshsgRRiNSUtTzUg3kQTxgJFOMLrI/c6YSEVFfK0nCfE4imIaUoy0kXy7PPYjeA77CZKaIgb7gpMIweNP5ca3K27VmQH+TSpggaZvv/UHAqecxBozpFTPdRLtZfk+zMi01E8VSRAeoYj0DI0RJ8rLZrdM4aFRBjAU0lSs4Uz9OpEhrtSEB6aTIz1UP71c/M3rpTqsexmNk1STGM8fClMGtYB5MHBAJcGaTQxBWFLzV4iHSCKsTXyl/4XQPqm6terZVa3SqC/iKIIDUAZHwAWnoAEuQRO0AAa34B48gifrznqwnq2XeWvBWszsg2+wXj8AHu6Z1A==</latexit>

U = {z | |z| < min[|zg|, R]}

<latexit sha1_base64="iACMaEvRsXv53Fo0UNYRexeiwGE=">AAACEXicjVDLSsNAFJ3UV62vqks3F4vQRSmpFKygUHDjsop9QBPKZDpph04mYWYitEl/wY2/4saFIm7dufNvTNMuVBQ8MMPhnHu59x4n4Exp0/wwMkvLK6tr2fXcxubW9k5+d6+l/FAS2iQ+92XHwYpyJmhTM81pJ5AUew6nbWd0MfPbt1Qq5osbPQ6o7eGBYC4jWCdSL19swjlY0QTAKkGcfpMYzsDymOjGk94ghhJc29a0ly9UymYK+JsU0AKNXv7d6vsk9KjQhGOluhUz0HaEpWaE02nOChUNMBnhAe0mVGCPKjtKL5rCUaL0wfVl8oSGVP3aEWFPqbHnJJUe1kP105uJv3ndULs1O2IiCDUVZD7IDTloH2bxQJ9JSjQfJwQTyZJdgQyxxEQnIeb+F0LruFyplk+vqoV6bRFHFh2gQ1REFXSC6ugSNVATEXSHHtATejbujUfjxXidl2aMRc8++gbj7RMAEJqk</latexit>

di↵usion : Re f 0(z) > 0 =) zg = q2g ⌘ min q2 |Re vg Im q = Im vg Re q

sound : Re f 0(z) > 0 =) zg = qg ⌘ min q |Re vg = 0

<latexit sha1_base64="0qnPcpOHPirASNe5/zlmLMPqGyw="></latexit>

• sound seems to lose univalence via the local condition (is this generic?):                   

f 0(zg) = 0 =) qg ⌘ min q | vg = 0

<latexit sha1_base64="Jl2K5ytBVjIl+6OrTDw2SNgHBes="></latexit>

• with no additional input, we can get

di↵usion : 0  D  4
��vph(q̄2)/q̄

��

sound : 0  vs  4 |vph(q̄)|

<latexit sha1_base64="lczE0eAS713fGT+Ko08FqQu9Kn8="></latexit>

phase velocity vph = !/q

<latexit sha1_base64="DhT6eAhbWLWy6TLVKssoFsHpKpE=">AAAB/XicjVDJSgNBFOxxjXEbl5uXxiB4ihMJqAch6MVjBLNAMgw9nTdJk17G7p5AHIK/4sWDIl79D2/+jZPloKJgwYOi6j1eUWHMmbGe9+HMzS8sLi3nVvKra+sbm+7Wdt2oRFOoUcWVbobEAGcSapZZDs1YAxEhh0bYvxz7jQFow5S8scMYfEG6kkWMEptJgbs7CNK4N8LnuK0EdAk+wrc4cAulojcB/psU0AzVwH1vdxRNBEhLOTGmVfJi66dEW0Y5jPLtxEBMaJ90oZVRSQQYP52kH+GDTOngSOlspMUT9etFSoQxQxFmm4LYnvnpjcXfvFZio1M/ZTJOLEg6fRQlHFuFx1XgDtNALR9mhFDNsqyY9ogm1GaF5f9XQv24WCoXz67LhcrFrI4c2kP76BCV0AmqoCtURTVE0R16QE/o2bl3Hp0X53W6OufMbnbQNzhvn5mrlAk=</latexit>

|q̄| = min[|qg|, |q⇤|]

<latexit sha1_base64="RHPGgBi7NPt8n2VKr26hKP7A+5w=">AAACCXicjVDLSsNAFJ34rPUVdelmsAgiUhIpqAuh6MZlBfuAJITJdNIOnZmkMxOhJN268VfcuFDErX/gzr8xabtQUfDAMIdz7uXee4KYUaUt68OYm19YXFourZRX19Y3Ns2t7ZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0baweCy8Nu3RCoaiRs9ionHUU/QkGKkc8k3YeYGSMIhzOA5dDkVDsyGfi87Kr7DDHq+WbGr1gTwb1IBMzR8893tRjjhRGjMkFKObcXaS5HUFDMyLruJIjHCA9QjTk4F4kR56eSSMdzPlS4MI5k/oeFE/dqRIq7UiAd5JUe6r356hfib5yQ6PPVSKuJEE4Gng8KEQR3BIhbYpZJgzUY5QVjSfFeI+0girPPwyv8LoXVctWvVs+tapX4xi6MEdsEeOAA2OAF1cAUaoAkwuAMP4Ak8G/fGo/FivE5L54xZzw74BuPtExv6mLY=</latexit>

critical q  
setting R

or 1/(2 ln 2� 1) ⇡ 2.59

<latexit sha1_base64="I24eKRaA0lvL37+e02pMjF1JMoY=">AAACBHicjVC7SgNBFJ2Nrxhfq5ZpBoMQC9fsEtF0QRvLCCYRskuYncwmQ2ZnlplZMSwpbPwVGwtFbP0IO//GyaNQUfDAhcM593LvPWHCqNKVyoeVW1hcWl7JrxbW1jc2t+ztnZYSqcSkiQUT8jpEijDKSVNTzch1IgmKQ0ba4fB84rdviFRU8Cs9SkgQoz6nEcVIG6lrF92jsuczDj14CN0D6KMkkeIWes5xrWuXXKcyBfyblMAcja797vcETmPCNWZIqY5bSXSQIakpZmRc8FNFEoSHqE86hnIUExVk0yfGcN8oPRgJaYprOFW/TmQoVmoUh6YzRnqgfnoT8Tevk+roNMgoT1JNOJ4tilIGtYCTRGCPSoI1GxmCsKTmVogHSCKsTW6F/4XQ8hy36tQuq6X62TyOPCiCPVAGLjgBdXABGqAJMLgDD+AJPFv31qP1Yr3OWnPWfGYXfIP19gl7FZTV</latexit>
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C O M P L I C AT E D  D I F F U S I O N

• example: momentum diffusion in                SYM theoryN = 4

U

<latexit sha1_base64="/2trKUaUPgFWu9qUYNz61w7Tu28=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmk0LoruHFZwbSFNpTJdNIOnUzCzEQpMZ/ixoUibv0Sd/6N07QLFQUPXDicc1+cIOFMacf5sEpr6xubW+Xtys7u3v6BXT3sqjiVhHok5rHsB1hRzgT1NNOc9hNJcRRw2gtmlwu/d0ulYrG40fOE+hGeCBYygrWRRnY1GxZLsoBjMsuRl4/smlt3CqC/SQ1W6Izs9+E4JmlEhSYcKzVwnUT7GZaaEU7zyjBVNDHL8YQODBU4osrPiqs5OjXKGIWxNCU0KtSvExmOlJpHgemMsJ6qn95C/M0bpDps+RkTSaqpIMtDYcqRjtEiBzRmkhLN54ZgIpn5FZEplphok1blfyF0z+tuo35x3ai1W6s4ynAMJ3AGLjShDVfQAQ8I3MEDPMGzdW89Wi/W67K1ZK1mjuAbrLdPnSSUNw==</latexit>

z

<latexit sha1_base64="EDo7IoFyBK3lCUMiDC2yww3y8f4=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkYN0V3LisYB/QhjKZTtqhk0mYmSg15lPcuFDErV/izr9xknahouCBC4dz7ovjx5wp7TgfVmlldW19o7xZ2dre2d2zq/tdFSWS0A6JeCT7PlaUM0E7mmlO+7GkOPQ57fmzi9zv3VCpWCSu9TymXognggWMYG2kkV1Nh8WS1OeYzDJ0l43smlt3CqC/SQ2WaI/s9+E4IklIhSYcKzVwnVh7KZaaEU6zyjBRNDbL8YQODBU4pMpLi6sZOjbKGAWRNCU0KtSvEykOlZqHvukMsZ6qn14u/uYNEh00vZSJONFUkMWhIOFIRyjPAY2ZpETzuSGYSGZ+RWSKJSbapFX5Xwjd07rbqJ9fNWqt5jKOMhzCEZyAC2fQgktoQwcI3MIDPMGzdW89Wi/W66K1ZC1nDuAbrLdP1V2UXA==</latexit>

pole-
skipping

!0

<latexit sha1_base64="bUJie0qnWAmjr0JkLSnxVcG6zcc=">AAACAXicjVDLSsNAFJ3UV62vqBvBzWARXJVECtZdwY3LCrYVmhAm00k7dB5hZiKUEDf+ihsXirj1L9z5N07TLlQUPDBwOOfee4YTp4xq43kfTmVpeWV1rbpe29jc2t5xd/d6WmYKky6WTKqbGGnCqCBdQw0jN6kiiMeM9OPJxczv3xKlqRTXZpqSkKORoAnFyFgpcg/yoDySxwzhSQEDyckIRV4RuXW/4ZWAf5M6WKATue/BUOKME2EwQ1oPfC81YY6UoZiRohZkmqQ2A43IwFKBONFhXoYX8NgqQ5hIZZ8wsFS/buSIaz3lsZ3kyIz1T28m/uYNMpO0wpyKNDNE4HlQkjFoJJzVAYdUEWzY1BKEFbV/hXiMFMLGllb7Xwm904bfbJxfNevt1qKOKjgER+AE+OAMtMEl6IAuwOAOPIAn8OzcO4/Oi/M6H604i5198A3O2yfSn5cc</latexit>

R

<latexit sha1_base64="SABC7P4RH98OtxTkXf1vkyezu0A=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkYN0V3LisYh/QhjKZTtqhk0mYmSgh5lPcuFDErV/izr9xmnahouCBC4dz7ovjx5wp7TgfVmlldW19o7xZ2dre2d2zq/tdFSWS0A6JeCT7PlaUM0E7mmlO+7GkOPQ57fmzi7nfu6VSsUjc6DSmXognggWMYG2kkV3NhsWSzOeYzHJ0nY/smlt3CqC/SQ2WaI/s9+E4IklIhSYcKzVwnVh7GZaaEU7zyjBRNDbL8YQODBU4pMrLiqs5OjbKGAWRNCU0KtSvExkOlUpD33SGWE/VT28u/uYNEh00vYyJONFUkMWhIOFIR2ieAxozSYnmqSGYSGZ+RWSKJSbapFX5Xwjd07rbqJ9fNWqt5jKOMhzCEZyAC2fQgktoQwcI3MEDPMGzdW89Wi/W66K1ZC1nDuAbrLdPmJWUNA==</latexit>

⇣ = |⇣|ei�, |⇣| < 1

<latexit sha1_base64="QQeGiPHtLYSk9Zi+dKC5m1zOyjI=">AAACIXicjVDLSgMxFM34rPU16tJNsAgupMxIwQoKBTcuK9gHdGrJpHfa0MyDJCPU6fgpbvwVNy4U6U78GdNpERUFDwQO59x7czhuxJlUlvVmzM0vLC4t51byq2vrG5vm1nZdhrGgUKMhD0XTJRI4C6CmmOLQjAQQ3+XQcAfnE79xA0KyMLhSwwjaPukFzGOUKC11zHLiZEcSlxM6SLFzC4rgMzzKyAjDdcKcqM/SQ3z3KZ5iO+2YBbtoZcB/kwKaodoxx043pLEPgaKcSNmyrUi1EyIUoxzSvBNLiHQG0oOWpgHxQbaTLFyK97XSxV4o9AsUztSvGwnxpRz6rp70ierLn95E/M1rxcortxMWRLGCgE4/8mKOVYgndeEuE0AVH2pCqGA6K6Z9IghVutT8/0qoHxXtUvHkslSolGd15NAu2kMHyEbHqIIuUBXVEEX36BE9oxfjwXgyXo3xdHTOmO3soG8w3j8AOhWjfQ==</latexit>

0.046/T  D = 1/4⇡T ⇡ 0.080/T  0.201/T

<latexit sha1_base64="1R50UDHdP/g2vKGivzv44I+5I+I=">AAACI3icjVDLSgMxFM3UV62vqks3F4vgapopg1ZBEHThskJf0Cklk6Y1mJmJSUYsxX9x46+4caEUNy78F9PHQkXBA4GTc87lJieUgmuD8buTmZtfWFzKLudWVtfWN/KbW3WdpIqyGk1Eopoh0UzwmNUMN4I1pWIkCgVrhNdnY79xy5TmSVw1A8naEenHvMcpMVbq5I+xi/2DYhUCwW7gHOAEvKIfSA7VgEipkjuwiTKGIswy2C1hb3zt5AueiyeAv0kBzVDp5EdBN6FpxGJDBdG65WFp2kOiDKeC3eeCVDNJ6DXps5alMYmYbg8nf7yHPat0oZcoe2IDE/XrxJBEWg+i0CYjYq70T28s/ua1UtMrt4c8lqlhMZ0u6qUCTALjwqDLFaNGDCwhVHH7VqBXRBFqbK25/5VQL7me7x5d+oXT8qyOLNpBu2gfeegQnaILVEE1RNEDekIv6NV5dJ6dkfM2jWac2cw2+gbn4xMkwp3M</latexit>

'
:
U

!
D

<latexit sha1_base64="QfzDyJMUvjQGyPaFUxG+p7jKuug=">AAACBXicjVBNS8NAEJ34WetX1KMeFovgQUoqBaungh48VjBtoQlls920SzebsLsplNCLF/+KFw+KePU/ePPfuGl7UFHwwcDjvRlm5gUJZ0o7zoe1sLi0vLJaWCuub2xubds7u00Vp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfAy91sjKhWLxa0eJ9SPcF+wkBGsjdS1D7wRlsmAXSDvBLnI0zHyIqwHQZBdTbp2qVJ2pkB/kxLM0eja714vJmlEhSYcK9WpOIn2Myw1I5xOil6qaILJEPdpx1CBI6r8bPrFBB0ZpYfCWJoSGk3VrxMZjpQaR4HpzC9UP71c/M3rpDqs+RkTSaqpILNFYcqR+TWPBPWYpETzsSGYSGZuRWSAJSbaBFf8XwjN03KlWj6/qZbqtXkcBdiHQziGCpxBHa6hAS4QuIMHeIJn6956tF6s11nrgjWf2YNvsN4+AeFkl4o=</latexit>

input: pole-skipping + radius of convergence R

so more stringent 
bounds with logs

Re f 0(⇣) > 0

<latexit sha1_base64="hklRSqIgm7Xl603dOF75ajbeY3o=">AAACAnicjVDJSgNBEO2JW4zbqCfx0hjECBJmJKBeJOjFYxSzQCaEnk5NbNKz0F0jxiF48Ve8eFDEq1/hzb9xshxUFHxQ8Hiviqp6biSFRsv6MDJT0zOzc9n53MLi0vKKubpW02GsOFR5KEPVcJkGKQKookAJjUgB810Jdbd3OvTr16C0CINL7EfQ8lk3EJ7gDFOpbW44CDeYXMDA2aPeTsG5BWS79JhabTNvF60R6N8kTyaotM13pxPy2IcAuWRaN20rwlbCFAouYZBzYg0R4z3WhWZKA+aDbiWjFwZ0O1U61AtVWgHSkfp1ImG+1n3fTTt9hlf6pzcUf/OaMXqHrUQEUYwQ8PEiL5YUQzrMg3aEAo6ynxLGlUhvpfyKKcYxTS33vxBq+0W7VDw6L+XLJ5M4smSTbJECsckBKZMzUiFVwskdeSBP5Nm4Nx6NF+N13JoxJjPr5BuMt0/V2pXI</latexit>

� 2D

nRn�1
 cn�2  2D

nRn�1

<latexit sha1_base64="jJXEMb1WCLPvmoEFArWxQF1TRLQ=">AAACLXicjVDLSgMxFM34rPVVdekmWBQ3LZ1SUHdFu3BZxT6gU0smvdOGZjLTJCOUYX7Ijb8igouKuPU3TB8LlQoeCJyccy43OW7ImdKFwthaWl5ZXVtPbaQ3t7Z3djN7+3UVRJJCjQY8kE2XKOBMQE0zzaEZSiC+y6HhDq4mfuMBpGKBuNOjENo+6QnmMUq0kTqZSg47niQ0LuJKEgt8ex+LnJ0k+MThMMS0EwunB8Nigqf3xeFOJmvnC1Pgv0kWzVHtZF6cbkAjH4SmnCjVsguhbsdEakY5JGknUhASOiA9aBkqiA+qHU9/m+Bjo3SxF0hzhMZT9ftETHylRr5rkj7RffXbm4iLvFakvfN2zEQYaRB0tsiLONYBnlSHu0wC1XxkCKGSmbdi2iemD20KTv+vhHoxb5fyFzelbPlyXkcKHaIjdIpsdIbK6BpVUQ1R9Iie0Ri9WU/Wq/VufcyiS9Z85gD9gPX5BbFOpqQ=</latexit>

proof that this is generic?

better convergence  
squeezes the series
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• assume a dispersion relation is univalent everywhere except at a single branch cut 
e.g.: self-dual axion model  
[Davison, Gouteraux (2014)]

S I M P L E  D I F F U S I O N ,  B U T  E X T R E M E  U N I V A L E N C E

!(z = q2) = �i⇡T

✓
1�

r
1� z

⇡2T 2

◆

<latexit sha1_base64="d/C3z6tArXoP7g5u4gN8Kci7i48="></latexit>

• optimal bounds  
(explicit Blake-type proposal                     ):

z0 = ��2
L

v2B
< 0 :

v2B
�L

 D  v2B
�L

+
�L

R

0 < z0 =
�2
L

v2B
< R :

v2B
�L

� �L

R
 D  v2B

�L

<latexit sha1_base64="vU6PVqt3leGu7HLa2dg1L3EsagE="></latexit>

energy diff: 

momentum diff:

D & v2B/�L

<latexit sha1_base64="F98c6csoyMSaTjRGABFmgh4hQM8=">AAACBHicjVDLSgMxFM3UV62vUZfdBIvgqk5Lwbor6sKFiwr2AZ1xyGQybWiSGZJMoQxduPFX3LhQxK0f4c6/MX0sVBQ8cOFwzj0k9wQJo0o7zoeVW1peWV3Lrxc2Nre2d+zdvbaKU4lJC8cslt0AKcKoIC1NNSPdRBLEA0Y6wfB86ndGRCoaixs9TojHUV/QiGKkjeTbxQvo9rXxORz5Z7dVeAxdZuIh8q98u1QpOzPAv0kJLND07Xc3jHHKidCYIaV6FSfRXoakppiRScFNFUkQHqI+6RkqECfKy2ZHTOChUUIYxdKM0HCmfk1kiCs15oHZ5EgP1E9vKv7m9VId1b2MiiTVROD5Q1HKoI7htBEYUkmwZmNDEJbU/BXiAZIIa9Nb4X8ltKvlSq18el0rNeqLOvKgCA7AEaiAE9AAl6AJWgCDO/AAnsCzdW89Wi/W63w1Zy0y++AbrLdPdzKWsg==</latexit>

0  c2  D

R
, · · ·

<latexit sha1_base64="uBO1YICJdWP1ecVw2C8/G7oW2Ak=">AAACDnicjZDLSgMxGIUzXmu9jbp0EywFF1KmpWDdFXThsoq9QGcYMplMG5pJxiQjlGF8ATe+ihsXirh17c63Mb0sVBQ8EDic8/8k+YKEUaUd58NaWFxaXlktrBXXNza3tu2d3Y4SqcSkjQUTshcgRRjlpK2pZqSXSILigJFuMDqd9N0bIhUV/EqPE+LFaMBpRDHSJvLtsgNdRq4h9msz40YS4ewszy7zI3gLXRwKrXy7VK04U8G/TQnM1fLtdzcUOI0J15ghpfpVJ9FehqSmmJG86KaKJAiP0ID0jeUoJsrLpt/JYdkkIYyENIdrOE2/bmQoVmocB2YyRnqofnaT8Leun+qo4WWUJ6kmHM8uilIGtYATNjCkkmDNxsYgLKl5K8RDZHhoQ7D4PwidWqVar5xc1EvNxhxHAeyDA3AIquAYNME5aIE2wOAOPIAn8GzdW4/Wi/U6G12w5jt74Just08UZ5rj</latexit>

higher orders:

• infinite radius of convergence (squeeze):

!di↵(q
2) = �iDq2 = �i

v2B
�L

q2

<latexit sha1_base64="AwRIT+RPz+8lJLB+zaMg8gqSz+s="></latexit>

⇣ = '(z) =
z � 2z⇤ + 2

p
z2⇤ � zz⇤

z
,

z = '�1(⇣) = �4z⇤fK(⇣) = � 4z⇤⇣

(1� ⇣)2

@n
⇣ '

�1(0) = �4n2(n� 1)!z⇤

<latexit sha1_base64="fdEl6TZzzaYriQMSS67tRNW7+Rc="></latexit>

 

positivity of c2 and connection to 
Wu, Baggioli, Li, arXiv:2102.05810
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• univalence breakdown is set by the local condition

C O M P L I C AT E D  S O U N D

• example:                SYM theoryN = 4 ⇣ = |⇣|ei�, |⇣| < 1

<latexit sha1_base64="QQeGiPHtLYSk9Zi+dKC5m1zOyjI=">AAACIXicjVDLSgMxFM34rPU16tJNsAgupMxIwQoKBTcuK9gHdGrJpHfa0MyDJCPU6fgpbvwVNy4U6U78GdNpERUFDwQO59x7czhuxJlUlvVmzM0vLC4t51byq2vrG5vm1nZdhrGgUKMhD0XTJRI4C6CmmOLQjAQQ3+XQcAfnE79xA0KyMLhSwwjaPukFzGOUKC11zHLiZEcSlxM6SLFzC4rgMzzKyAjDdcKcqM/SQ3z3KZ5iO+2YBbtoZcB/kwKaodoxx043pLEPgaKcSNmyrUi1EyIUoxzSvBNLiHQG0oOWpgHxQbaTLFyK97XSxV4o9AsUztSvGwnxpRz6rp70ierLn95E/M1rxcortxMWRLGCgE4/8mKOVYgndeEuE0AVH2pCqGA6K6Z9IghVutT8/0qoHxXtUvHkslSolGd15NAu2kMHyEbHqIIuUBXVEEX36BE9oxfjwXgyXo3xdHTOmO3soG8w3j8AOhWjfQ==</latexit>

zg =
q

q2
g ⇡ �3.791 iT

zg =
q

q2
g ⇡ �3ivs/4D = �5.441 iT

<latexit sha1_base64="zIkqOxXA5AWMKBSP/ytVjvB4RZM="></latexit>

• construct a sufficient analyticity condition for the conformal bound on the speed of 
sound [Cherman, Cohen, Nellore (2009); Hohler, Stephanov (2009)], but stay tuned…

|@⇣'�1(0)| = 4
p
3|!0(z0)| ^ |⇣0| = |'(z0)| ! 1 =) 0  vs 

r
1

3

<latexit sha1_base64="UF938woFocp52SybpDN+PfvnciY="></latexit>

proof that this is generic?

f 0(zg) = 0 =) qg ⌘ min q | vg = 0

<latexit sha1_base64="Jl2K5ytBVjIl+6OrTDw2SNgHBes="></latexit>

exact  
(numerics)

approximate 
(hydro)
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• complex analytic structures of transport reveal new physical properties  

• holographic duality is an invaluable tool for exploring QFTs 

• hydrodynamics has exceptional analytic (convergence) properties 

• pole-skipping is a precise relation between hydrodynamics and quantum chaos 

• new methods for rigorous lower and upper bounds on all coefficients of 
hydrodynamic dispersion relations 

• a lot to be done: generic results (stay tuned), applications, … 

• uninsightful comment: application of these techniques beyond large-N 

• application to other problems like scattering amplitudes 
[Khuri, Kinoshita, Phys. Rev. (1965); 
Haldar, Sinha, Zahed, arXiv:2103.12108]

S U M M A R Y  A N D  F U T U R E  D I R E C T I O N S
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