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History of Fluid/Gravity Duality

Membrane Paradigm

m Began with prescient thesis of Damour in 1978

m Consider fluctuations of a black hole horizon; these act like a
viscous fluid

m Fluid viscosity is computed to be n = 1/167G

m Dividing by the entropy density s = 1/4G gives /s = 1/4x7

m Always considers fluctuations at the black hole horizon r = r;,
itself; produces Damour-Navier Stokes equation



History of Fluid/Gravity Duality
AdS/CFT Method

m Policastro, Son, Starinets hep-th/0205052 considered the
hydrodynamics of A" = 4 SU(N) SYM via AdS/CFT

m Againfind n/s = 1/4n

m Performed at AdS spatial infinity » = oo

m Result requires string theory, SUSY gauge theory, and
AdS/CFT

m 7/s = 1/4m conjectured to be a bound on the viscosity to
entropy ratio/ however can break via higher derivative
corrections (e.g. Kats, Petrov, Buchel, Myers, Sinha, Cremonini, Vrigante, Liu, Liu,
Shenker, Yaidi, Cai, Nie, Ohta, Sun, Banerjee, Dutta, Paulos, Escobedo, Smolkin,
Dasgupta, Mia, Gale, Jeon .. .)

m Bound may still be satisfied by theories that have good causality
(Camanho, Edelstein, Maldacena, Zhiboedov 1407.5597) but hyperbolicity may
limit the causal restrictions (Papallo, Reall 1508.05303, Andrade, Caceres,
CAK 1610.06078)



A ‘Wilsonian’ Approach

Fluid-gravity duality in the cutoff
approach relates solutions of the
incompressible Navier-Stokes equation

8ivi =0, 0,v; —ﬁ62vi+6iP+vj8jvi =0

to solutions of the Einstein equation:

Gy =0
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A ‘Wilsonian’ Approach

Fluid-gravity duality in the cutoff
approach relates solutions of the
incompressible Navier-Stokes equation

8% =0, 0,v; —ﬁ82vi+8iP+vj8jvi =0

to solutions of the Einstein equation:

G =0
Fixing cutoff surface r = r., then perturbing:

m induced metric at » = r. is Ricci flat

m waves are infalling at r = r;,

m extrinsic curvature at r = r. becomes fluid stress tensor ...
m in a hydrodynamic limit

Bredberg, CAK, Lysov, Strominger, 1006.1902 and 1103.2355



The Hydrodynamic Limit

Consider a solution of incompressible Navier-Stokes (v;, P).
Now, rescale:

vE(2!, ) = ev;(ext, €27)
Pf(z',7) = €2P(ex?, €, 7)

These new quantities solve
0-v§ — 70§ + 8;P€ + v djv§ = 0
which is again just Navier-Stokes.

To produce the hydrodynamic limit, we take ¢ — 0. This procedure
will remove any corrections to N-S, as well as inducing
incompressibility.



Satisfying the Einstein Constraints
The Nonlinear Metric in the Hydrodynamic Limit
ds? = — rdr? + 2drdr + dz;dx"
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Satisfying the Einstein Constraints
The Nonlinear Metric in the Hydrodynamic Limit
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m constraint eqns at O(€?) are d'v; = 0
m constraint eqns at O(e®) are 0, v; — r.0%v; + ;P + vI 9;v; = 0,
Navier-Stokes with viscosity 77 = r,

| GT(M Gab7 Grr = 0(64)



Cutoff Approach
Highlights

m Does not require AdS, but is connectible to the AdS approach
(Brattan, Camps, Loganayagam, Rangamani 1106.2577)

m Extendible to higher orders
(Compere, McFadden, Skenderis, Taylor, 1103.3022; Pinzani-Fokeeva, Taylor
1401.5975)

m Hydrodynamic limit can be recast as near horizon limit
m Spacetime is algebraically special!



Petrov Type
Categorizes the multiplicities of principal null directions k* of the
Weyl tensor W:

kukh =0, kW,

wploka k" kP =0

m Spacetimes are algebraically special, or of higher Petrov type,
when principal null vectors coincide. E.g. for Petrov type |l,
there exists a real null vector k# which satisfies

W oiokak” kP = 0

m Generic 4d fluid-dual spacetimes are Petrov type Il through
(9(614) (Bredberg, Keeler, Lysov, Strominger 1101.2451

m More restricted fluids are more special!

m Petrov conditions can replace some boundary conditions in the
cutoff approach (Lysov, Strominger 1104.5502)
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From Einstein to Maxwell: The Classical Double Copy
Yang-Mills amplitudes .AYM (properly gauged) ‘square’ to gravity
amplitudes M9V:

.AYM ~ Z N C Mgrav ~ Z ngng
A props A props

Also scalar theory with amplitudes AS ~ >~ ;¢ /props
For review see Bern, Carrasco, Chiodaroli, Johansson, Roiban 1909.01358

Kerr-Schild Map (Monteiro, 0'Connell, White 1410.0239)
Pick metric in Kerr-Schild coordinates (with k2 = 0):
g[le = 77/11/ + gbk:p,kjlj I Guy = 0
A, = ok, — V,F* =0
b — V%=0



From Einstein to Maxwell: The Weyl Classical Double
(070]0)

Luna, Monteiro, Nicholson, O’'Connell 1810.08183

For Type D/N spacetimes with principal null vectors aligning in
pairs/all four align

m Rewrite Weyl tensor in spinor notation:
A
Capcp = %Wuw\va Z%UC’YD

m Decompose in principle spinors Capcp = aaBBYcdp)

D N
B Capop ~ @aBBcBpy, Cupep ~ daaBacap)



From Einstein to Maxwell: The Weyl Classical Double
Copy

Luna, Monteiro, Nicholson, O’'Connell 1810.08183

For Type D/N spacetimes with principal null vectors aligning in
pairs/all four align

m Rewrite Weyl tensor in spinor notation:
A
CaBop = {Wuwroipoch
m Decompose in principle spinors Capcp = aaBpvcdp)
D N
B Capop ~ @aBBcBpy, Cupep ~ daaBacap)

For these special spacetimes, can ‘square root’ the Weyl tensor:

1
Capcp = gf(ABfCD)

with V25 =0 and fap — I}, satisfying Vi F,,, = 0.
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Type D fluid-dual spacetimes

Ti=0 — v=—wy v —wr, P=wiad+y)))2

if we choose 7 independence. This fluid has constant vorticity w.



Algebraic Speciality in Fluids

Can prove algebraic speciality by writing
Capep =Yotatpiotp — 4Vi0aLpiotpy + 6Y2040BL0LD)

— 4¥30q0B0octp) + Y4040B0c0D

If only W5 is nonzero, then the spacetime is type D.
If only ¥, is nonzero, then the spacetime is type N.
For general fluid-dual spacetimes, ¥g, U1, U3 = 0 + O(€?),

Uy = —ie? (Qpvy — Oyvy) [4re + O(e3)
Uy = —€ (0vy — Oyvy +1i(0pvy + Oyvy)) /2r + O(€®).
Type N fluid-dual spacetimes
Uy =0 — 0yvy — Oyv, = 0 80 vorticity vanishes.

Also incompressible so ‘potential flow’:

vi = 8i¢, 0P = —0,0-¢ — ¥ $0i0;¢.



Algebraic Speciality in Fluids

Can prove algebraic speciality by writing

Capep =Yotatpiotp — 4Vi0aLpiotpy + 6Y2040BL0LD)
— 4¥30q0B0octp) + Y4040B0c0D

If only W5 is nonzero, then the spacetime is type D.
If only ¥, is nonzero, then the spacetime is type N.
For general fluid-dual spacetimes, ¥g, U1, U3 = 0 + O(€?),

Uy = —ie? (Qpvy — Oyvy) [4re + O(e3)
Uy = —€ (0vy — Oyvy +1i(0pvy + Oyvy)) /2r + O(€®).
Algebraically special fluid-dual spacetimes

m Type D fluids have constant vorticity
m Type N fluids are potential flows



Type D fluids: Constant Vorticity
Only nonzero ¥; is
Uy = —ic’w/2r. + O(e%)

with natural background

ds?o) = —rdr? + 2drdr + dz? + dy?

Single and Zeroth Copies

. - 1 0 F™ = —wcos0
— 210 __ i
S =iwree™, fap=ce w< D i ) — {ny:—wsinﬁ

m all other F* components are zero
m S is constant so trivially solves V%O)S =0

m v Opmw —o vOp

[u " po] = 0
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Type D fluid single copy: A giant solenoid

Choosing 6 = 37/2 we have

Vg = —WY, Uy =wT
P Ty
F"=0, F%=uw

ji / 7y
E,=0, B,=uwd, ‘\;\\\\\‘\ii’/i/%///

)
NS g 7/
O AR v AN

Type D Fluid Double Copy Summary

m Fluid is solution inside of slowly rotating cylinder with no-slip
conditions at the wall

m Magnetic field B = wr is uniform field inside a big solenoid with
current proportional to w

m zeroth copy field S is constant and thus plays a passive role

m Fluid only in hydro regime for z,y ~ e~ !; can fix by going to
near-horizon expansion instead



Type N fluids: Planar Extensional Flow

The simplest Type N fluid has ¢ = $(y* — z?), so
Vg = 020 = —ax, vy = Oyp = ay
The zeroth and single copy fields become

627'0 67',(‘) 1 1
S — = —
P ’ fAB \/; < 1 1 >

Again choosing 6 = 37 /2 the nonzero components of 7' become

2 = =
F°=1,F*=- — E=-& B=74.

”
On the background ds%o) = —rd7? + 2drdr + d2? + dy? again both
Klein-Gordon and Maxwell’s are solved.
Poynting vector is _

S = -

Gauge field is single copy necessary to build up any fluid with a
potential component.



Type N fluids: Planar Extensional Flow

The simplest Type N fluid has ¢ = $(y* — z?), so
Vg = 020 = —ax, vy = Oyp = ay

The zeroth and single copy fields become

627'0 67',(‘) 1 1
S = e
P ’ fAB \/; < 1 1 >

Again choosing # = 37 /2 the nonzero components of ' become

2 = =
F’*=1 F*=- — FE=-%& B=4.

”
On the background ds%o) = —rd7? + 2drdr + d2? + dy? again both
Klein-Gordon and Maxwell’s are solved.
Poynting vector is _

S = -

Gauge field is single copy necessary to build up any fluid with a
potential component.
What if we consider a different potential ¢?



Type N fluids: Potential flow: The Double Copy Story
We already studied extensional ;,/’/; / *’ji \:\ \&
flow: ¢ = §(y? — 2?), so f”%} LRSS
S = = =GR S

. . DN\ | A

E=-4,B=¢ r:\‘ 4%’,
RARRY NS H/ ///
NNy VY Y

But there are many other potential
flow fluids!




Type N fluids: Potential flow: The Double Copy Story
We already studied extensional ;,/% ,/*/jj \t“\f\‘\i\
flow: ¢ = %(yQ—xz),SO f’%} Xi:\\:t

NS
Uy = 0z = —ax, vy = Oy = oy s

. - :‘\\\x\: :/r//x
NN\ butiLtre474

But there are many other potential

flow fluids!
Potential ¢ Uz Uy
Ext. flow | —%(z% —¢?) —ax ay
Source/Sink | In(z% + 3?) 2z /(22 + ) 2y/ (2% + y?)
Dipole | z/(z* +4%) | (v* —2%)/(z® +¢%)* | —2ay/(a® + y*)?
Line Vortex | arctan(y/z) —y/(2® + y?) z/(z? +4?)




Type N fluids: Potential flow:
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If F},, is just a ‘support’ single copy, then what distinguishes these
fluids from each other?



Type N fluids: Potential flow:

The Double Copy Story

We already studied extensional ;/;%/,/” \:\\K\E\\\E\
flow: ¢ = 4(y% — 22), 50 ;:’zjg:/f NN
S =
Vs = O = —om, vy = Oy$ = oy ‘:\f‘\\:\;\I / fop—
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NN\ gy
But there are many other potential AR ARAR A
flow fluids!
Potential ¢ Vg Uy
Ext. flow —%(x2 - y2) —ax oy
Source/Sink | In(z% + 3?) 2z /(2% + °) 2y/ (2% + y?)
Dipole z/(® +y%) | O —22)/(@® +yH)* | —2xy/(a® +¢°)°
Line Vortex | arctan(y/z) —y /(22 + y?) z/(z? +4?)

If F},, is just a ‘support’ single copy, then what distinguishes these
fluids from each other? S!



Type N fluids: Potential flow: The Double Copy Story

The potential ¢ resides in the zeroth copy scalar S .
We have

Vg = aét¢a Uy = ay¢ with ¢ = f(Z) + fT(Z)
The zeroth and single copy fields become

240

e e 1 1
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Type N fluids: Potential flow: The Double Copy Story

The potential ¢ resides in the zeroth copy scalar S .
We have
Uy = a:c¢a Uy = ay¢ with ¢ = f(Z) + f(é)

The zeroth and single copy fields become

e2i0 et? 1 1
R _
2027z BT ( 11 >

Type N Fluid Double Copy Summary

m V7,5 = 0 nontrivially; because ¢ = f(z) + f(2)

m ‘Background’ single copy field is still £ =

m Poynting vector of single copy is S = —#.

m Gauge field is single copy necessary to build up any fluid with a
potential component.

-z, B=y



Algebraically Special Fluid Double Copy Summary
Type D Fluid Double Copy Summary

m Fluid: inside of slowly rotating cylinder with no-slip conditions

m Magnetic field B = wr is uniform field inside a big solenoid with
current proportional to w

m zeroth copy field S is constant and thus plays a passive role
m Fluid only in hydro regime for z,y ~ ¢~ !; can fix by going to
near-horizon expansion instead

Type N Fluid Double Copy Summary

m V{5 = 0 nontrivially; because ¢ = f(z) + f(2)
m ‘background’ single copy field is still £ = —&, B = j
m Poynting vector of single copy is S = —#.

m Gauge field is single copy necessary to build up any fluid with a
potential component.



Future Directions
Future Questions

m higher orders in €?

m generic incompressible fluids? Helmholtz decomposition
v = 0i¢ + €;;0;A;

m solution generating mechanisms

m relate to other fluid-gravity dualities, such as large D or
AdS/CFT



