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Introduction 

Turbulence in fluid mechanics:
• Widely seen in nature in systems with fluid-like behaviour.
• Has its root in the non-linear structure of NS equations:

• Non-linearities give rise to transfer of energy across scales leading 
to energy cascades.

• Information about initial conditions, driving washed out giving 
universal behaviour [Kolmogorov].

Natural to ask if turbulent dynamics appear in gravity too?
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Introduction 

Why would Einstein equations behave like fluids? Evidence that black 
hole event horizons behave like fluids:

membrane paradigm: horizons behave as viscous membrane 
[Dramour].

Transport properties of horizons [Policastro, Son, Starinets].

fluid/gravity: one-to-one map between near-equilibrium black 
holes and solutions to relativistic viscous hydrodynamics 
[Rangamani, Hubeny,…].


One may hope to see turbulence in black hole dynamics and in 
particular, universal features as in turbulent cascades in fluids.
 



Outline 

• Introduction
• Kolmogorov’s theory
• Gravity in the Large d limit
• Results
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Kolmogorov’s theory of turbulence (K41) 

• In turbulent flows the velocity field, u, is a random variable. 
Consider statistical properties of the velocity field: reproducible, 
simple. 

• Statistical evolution equations unclosed:  need for assumptions.


• Kolmogorov focused on (3+1) dimensions and made the following 
assumptions: 


1. Turbulent motions are statistically homogeneous and 
isotropic  pdf is translation and rotation invariant.

2.The statistics have a universal form that is determined uniquely 
by the viscosity v and energy transfer rate ε  pdf=f(v,ε).

3. Viscous effects only influence much small scales  there is a 
range where pdf=f(ε): inertial range.

)
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Observables 

He examined the following quantities:


• n-pt functions of u in position space, averaged over realisations: 

specialise to longitudinal ‘structure functions’


• Energy power spectrum: measures the amount of kinetic energy in 
a shell of radius k.
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(3+1) Phenomenology: direct cascade 

• Due to interaction vortices will break up to smaller and smaller 
ones: energy transfer to smaller scales.


• At very small scales, viscous effect set in: energy dissipates.

• Scaling behaviour in inertial range.
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(2+1) Phenomenology: inverse cascade 

• Inertial range grows towards larger scales, until IR effects become 
important.


• Direct cascade also present - ignore in this talk!

8

Our approach.
Most typical in 


atmospheric simulations
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Power laws 

Scaling of power spectrum in inertial range is dimension-independent: 
based on simple dimensional analysis!


From similarity hypothesis, only one scale important in the inertial 
range 


Then

•  


•   
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In this talk 

Aim: 
Construct turbulent black branes and check whether they exhibit a 
universal regime compatible with K41, focusing on inverse cascade.


Approach: 
Start with Einstein’s equation and


Construct turbulent black branes in AdS4: technically demanding.

Consider the Large d limit, while restricting dynamics to (2+1) 
dimensions: simple calculation, connection with fluid.

Need to consider forcing compatible with isotropy hypothesis to 
get K41.



Outline 

• Introduction 
• Kolmogorov’s theory
• Gravity in the Large d limit
• Results
• Conclusions
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Gravity in the Large d limit 

• Treating the number of dimensions (d) as a parameter, one can do a 
perturbative expansion in 1/d for d large. [Emparan et al, Minwala et al]


• When considering black holes, there is a separation of scales:     
hinting towards the existence of an effective theory.


One way to see this is by considering the QNM spectrum of Sch-
AdSd+1. In the large d, these modes split into two types: 

12
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Large d Effective theory  

Procedure:

1. Take boosted AdS-Sch metric: , parameters: 


2. Promote moduli to function of boundary coordinates:


3. New metric, , solves Einstein’s equations to 


4. Add metric correction


5. New metric solves Einstein’s equations up to

g0(r)
<latexit sha1_base64="kSxPT7LYuRQvOcgDR6SD3lhuZS4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBahXkqiRe2t4MVjBfsBbSib7aZdu9mE3Y1QQv+DFw+KePX/ePPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO160+vU7z5QqVgo7vQsom6Ax4L5jGBtpM54aFfl6bBcsWt2BrRMnJxUIEdrWP4YjEISB1RowrFSfceOtJtgqRnhdF4axIpGmEzxmPYNFTigyk2ya+foxCgj5IfSlNAoU39OJDhQahZ4pjPAeqL+eqn4n9ePtX/lJkxEsaaCLBb5MUc6ROnraMQkJZrPDMFEMnMrIhMsMdEmoFIWQiPFxffLy6RzVnPOa/XbeqXZyOMowhEcQxUcuIQm3EAL2kDgHh7hGV6s0HqyXq23RWvBymcO4Res9y+gqI6e</latexit>

a, pi
<latexit sha1_base64="+ENv7PUxMFu2DNwekujtGE0Z+qc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REi9pbwYvHCvYD2lg22027drMJuxuhhP4HLx4U8er/8ea/cZMGUeuDgcd7M8zM8yLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJlep33mgUrFQ3OppRN0AjwTzGcHaSG18gqI7NihX7KqdAS0SJycVyNEclD/6w5DEARWacKxUz7Ej7SZYakY4nZX6saIRJhM8oj1DBQ6ocpPs2hk6MsoQ+aE0JTTK1J8TCQ6Umgae6QywHqu/Xir+5/Vi7V+6CRNRrKkg80V+zJEOUfo6GjJJieZTQzCRzNyKyBhLTLQJqJSFUE9x/v3yImmfVp2zau2mVmnU8ziKcACHcAwOXEADrqEJLSBwD4/wDC9WaD1Zr9bbvLVg5TP78AvW+xfhNo7J</latexit>

g0(t, r, ~x)
<latexit sha1_base64="p1ByvRMUUQHK6MqHxUYdkWTipWw=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUKCXVovZW8OKxgv2ANoTNdtMu3WzC7qZYQv+JFw+KePWfePPfmKRB1Ppg4PHeDDPz3JAzpS3r01hZXVvf2CxsFbd3dvf2zYPDjgoiSWibBDyQPRcrypmgbc00p71QUuy7nHbdyU3qd6dUKhaIez0Lqe3jkWAeI1gnkmOaI8cq64qsDKaUxA/zM8csWVUrA1omtZyUIEfLMT8Gw4BEPhWacKxUv2aF2o6x1IxwOi8OIkVDTCZ4RPsJFdinyo6zy+foNFGGyAtkUkKjTP05EWNfqZnvJp0+1mP110vF/7x+pL1rO2YijDQVZLHIizjSAUpjQEMmKdF8lhBMJEtuRWSMJSY6CauYhdBIcfn98jLpnFdrF9X6Xb3UbORxFOAYTqAMNbiCJtxCC9pAYAqP8AwvRmw8Ga/G26J1xchnjuAXjPcvfW2TCQ==</latexit>

13

a, pi ! a(t, ~x), pi(t, ~x)
<latexit sha1_base64="1Wc5GIq3R9qCw8JI2/PNXcegIJc=">AAACDnicbVBLSwMxGMzWV62vVY9egqVQoZRdLWpvBS8eK9gHdNeSTbNtaPZBki2Wpb/Ai3/FiwdFvHr25r8xu12kWgcCk5nvI5lxQkaFNIwvLbeyura+kd8sbG3v7O7p+wdtEUQckxYOWMC7DhKEUZ+0JJWMdENOkOcw0nHGV4nfmRAuaODfymlIbA8NfepSjKSS+noJVWB4Ry0ZQFSWFWtCcHw/O6kobeHa14tG1UgBl4mZkSLI0Ozrn9YgwJFHfIkZEqJnGqG0Y8QlxYzMClYkSIjwGA1JT1EfeUTYcRpnBktKGUA34Or4Eqbq4kaMPCGmnqMmPSRH4q+XiP95vUi6l3ZM/TCSxMfzh9yIQRU+6QYOKCdYsqkiCHOq/grxCHGEpWqwkJZQT3D+E3mZtE+r5lm1dlMrNupZHXlwBI5BGZjgAjTANWiCFsDgATyBF/CqPWrP2pv2Ph/NadnOIfgF7eMbiUKbSQ==</latexit>

g0(t, r, ~x) +
1

d
g1(t, r, ~x)

<latexit sha1_base64="Zm9rpqCvQqoSI6aT0VOB3N0Hz6g=">AAACFXicbVDLSsNAFJ34rPUVdekmWISKpSRa1O4KblxWsA9oQphMJu3QyYOZSbGE/IQbf8WNC0XcCu78GydpEGs9cOFwzr3ce48TUcKFrn8pS8srq2vrpY3y5tb2zq66t9/lYcwQ7qCQhqzvQI4pCXBHEEFxP2IY+g7FPWd8nfm9CWachMGdmEbY8uEwIB5BUEjJVmtDW6+KGquZE4yS+/Tk1PQYRImRJm46tI05z1Yrel3PoS0SoyAVUKBtq5+mG6LYx4FAFHI+MPRIWAlkgiCK07IZcxxBNIZDPJA0gD7mVpJ/lWrHUnE1L2SyAqHl6u+JBPqcT31HdvpQjPhfLxP/8wax8K6shARRLHCAZou8mGoi1LKINJcwjASdSgIRI/JWDY2gTEXIIMt5CM0MFz8vL5LuWd04rzduG5VWs4ijBA7BEagCA1yCFrgBbdABCDyAJ/ACXpVH5Vl5U95nrUtKMXMA5qB8fAMzIZ5Z</latexit>

O

✓
1

d2

◆

<latexit sha1_base64="XdIa2mE76TEMYV+xFxx3UdSV5mk=">AAACDnicbVDLSsNAFJ34rPVVdekmWAp1U5Ja1O4KbtxZwT6giWUymbRDJw9mboQS8gVu/BU3LhRx69qdf+MkLaLWAxcO59zLvfc4EWcSDONTW1peWV1bL2wUN7e2d3ZLe/tdGcaC0A4JeSj6DpaUs4B2gAGn/UhQ7Duc9pzJReb37qiQLAxuYBpR28ejgHmMYFDSsFSxfAxjgnlylVqcelC1PIFJYqaJe1tPLcFGYzgelspGzcihLxJzTspojvaw9GG5IYl9GgDhWMqBaURgJ1gAI5ymRSuWNMJkgkd0oGiAfSrtJH8n1StKcXUvFKoC0HP150SCfSmnvqM6s+PlXy8T//MGMXjndsKCKAYakNkiL+Y6hHqWje4yQQnwqSKYCKZu1ckYqzhAJVjMQ2hmOP1+eZF06zXzpNa4bpRbzXkcBXSIjlAVmegMtdAlaqMOIugePaJn9KI9aE/aq/Y2a13S5jMH6Be09y/B/pyo</latexit>

O

✓
1

d

◆

<latexit sha1_base64="fse9qnGwpgXEdK9HwI+r+RjmA6w=">AAACDHicbVDLSsNAFJ3UV62vqks3wSLUTUm0qN0V3Lizgn1AE8pkMmmHTh7M3Agl5APc+CtuXCji1g9w5984SYOo9cDA4ZxzmXuPE3EmwTA+tdLS8srqWnm9srG5tb1T3d3ryTAWhHZJyEMxcLCknAW0Cww4HUSCYt/htO9MLzO/f0eFZGFwC7OI2j4eB8xjBIOSRtWa5WOYEMyT69Ti1IO65QlMEjNN3NQSbDyBY5UyGkYOfZGYBamhAp1R9cNyQxL7NADCsZRD04jATrAARjhNK1YsaYTJFI/pUNEA+1TaSX5Mqh8pxdW9UKgXgJ6rPycS7Es58x2VzFaXf71M/M8bxuBd2AkLohhoQOYfeTHXIdSzZnSXCUqAzxTBRDC1q04mWJUBqr9KXkIrw9n3yYukd9IwTxvNm2at3SrqKKMDdIjqyETnqI2uUAd1EUH36BE9oxftQXvSXrW3ebSkFTP76Be09y+C6ZwE</latexit>



Large d Effective theory 
The constraints are given by


Comments:

•Solutions to these eqns give rise to full black hole metrics in AdS. 

•Look like NS equations, but exact in gradients- better control than 

hydrodynamics. 

•For our purposes: we restrict dynamics to (2+1) dim.
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No driving: initial data induced  

Study (2+1) decaying turbulence in large d [Rozali et al.].


• Start from counter flow initial data and evolve on a torus of size LxL.


• Monitor the vorticity                  and the power spectrum.

• Turbulent, but no clear power law consistent with K41.


Due to lack of driving. 

Same conclusion reached by [Chesler, Yaffe] in AdS4 in the 
same setting.

a = c0 , px = 0 ,

py = c1 cos(
2⇡ n

L
x)
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<latexit sha1_base64="tuertxkBXpPy6Rysknv5ulS7TG0=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZapF7UIouHFZwT6gU0smvW3TZpIhyQhl6Ae48VfcuFDErR/gzr8x0w6i1gOBwznnJrnHDznTxnU/nYXFpeWV1cxadn1jc2s7t7Nb1zJSFGpUcqmaPtHAmYCaYYZDM1RAAp9Dwx9dJn7jDpRmUtyYcQjtgPQF6zFKjJU6ubwnA+iTCw9CzbgUtzEbTryQKMMI7zAcdYZZm3IL7hR4nhRTkkcpqp3ch9eVNApAGMqJ1q2iG5p2nFxKOUyyXqQhJHRE+tCyVJAAdDueLjPBh1bp4p5U9giDp+rPiZgEWo8D3yYDYgb6r5eI/3mtyPTO2zETYWRA0NlDvYhjI3HSDO4yBdTwsSWEKmb/iumAKEKN7W9WQjnB6ffK86R+XCieFErXpXylnNaRQfvoAB2hIjpDFXSFqqiGKLpHj+gZvTgPzpPz6rzNogtOOrOHfsF5/wI49JvS</latexit>
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Homogeneous Isotropic driving 

• Drive the system in a way to produce vorticity without directly 
sourcing the energy density


F: isotropic sum of k-modes with random amplitudes and phases.


• Start from thermal equilibrium - initial conditions: 

• Also work on the 2-torus.

• Evolve in time using 4th-order Runge-Kutta time-stepping. For 

spatial derivatives we use 4th order finite difference.

a = 2 , pi = 0
<latexit sha1_base64="CwtHemwdJPAFozBG1viSVomqLoo=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwUUpSi9pFoeDGZQX7gCaUyXTSDp1MhpmJUEJ/w40LRdz6M+78GydpELUeuHA4517uvccXjCpt259WYW19Y3OruF3a2d3bPygfHvVUFEtMujhikRz4SBFGOelqqhkZCElQ6DPS92c3qd9/IFLRiN/ruSBeiCacBhQjbSQXteputQrFiLbsUbli1+wMcJU4OamAHJ1R+cMdRzgOCdeYIaWGji20lyCpKWZkUXJjRQTCMzQhQ0M5ConykuzmBTwzyhgGkTTFNczUnxMJCpWah77pDJGeqr9eKv7nDWMdXHsJ5SLWhOPloiBmUEcwDQCOqSRYs7khCEtqboV4iiTC2sRUykJoprj8fnmV9Oo156LWuGtU2s08jiI4AafgHDjgCrTBLeiALsBAgEfwDF6s2HqyXq23ZWvBymeOwS9Y71/p7ZBq</latexit>

(@t � @i@
i)a+ @ip

i = 0

(@t � @j@
j)pi + @ia+ @j

✓
pipj

a

◆
= Fi

<latexit sha1_base64="T6aayt22ImZ69FAc0FbnjTTCwUM="></latexit>

F i = ✏ij@jF
<latexit sha1_base64="85shur5gN+RKzwD94TLuF00Szoo=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRItahdCQSguK9gHNGmYTCfttJNJmJkIJXTrxl9x40IRt/6BO//GJA2i1gMXDufcO3PvcUNGpTKMT62wtLyyulZcL21sbm3v6Lt7bRlEApMWDlggui6ShFFOWooqRrqhIMh3Gem4k6vU79wRIWnAb9U0JLaPhpx6FCOVSI4OG30KL6FFQklZwPsxHc+gFSKhKGLOGDYcvWxUjAxwkZg5KYMcTUf/sAYBjnzCFWZIyp5phMqO0xcxI7OSFUkSIjxBQ9JLKEc+kXacXTKDR4kygF4gkuIKZurPiRj5Uk59N+n0kRrJv14q/uf1IuVd2DHlYaQIx/OPvIhBFcA0FjiggmDFpglBWNBkV4hHSCCskvBKWQi1FGffJy+S9knFPK1Ub6rlei2PowgOwCE4BiY4B3VwDZqgBTC4B4/gGbxoD9qT9qq9zVsLWj6zD35Be/8CjWqZuw==</latexit>
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Log E 

• Energy power spectrum - 256 realisations

k-5/3 scaling



• Structure functions - 256 realisations
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Gravitational driving 

Can we see turbulence in a fully gravitational description?

• Drive the system through a deformation of the boundary metric.

• The Large d effective field theory is modified [Andrade, CP, Withers].

• Focus on turning on source 


Computation:

• Start with ’fluid’ is in uniform motion, quench       from zero to a 

symmetric Gaussian profile at a fixed location: obstacle in a flow.

• Neither homogeneous nor isotropic: do not expect K41. It gives 

turbulent wake, at the back of the obstacle.
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�tt
<latexit sha1_base64="uHcEoovyIUBt0n3+/UsOWi/mbF0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0m1+HErevFYwdpCGspmu2mX7mbD7kQooT/DiwdFvPprvPlv3KRB1Ppg4PHeDDPzglhwA6776ZSWlldW18rrlY3Nre2d6u7evVGJpqxDlVC6FxDDBI9YBzgI1os1IzIQrBtMrjO/+8C04Sq6g2nMfElGEQ85JWAlrz8iUpJBCjAbVGtu3c2BF0mjIDVUoD2ofvSHiiaSRUAFMcZruDH4KdHAqWCzSj8xLCZ0QkbMszQikhk/zU+e4SOrDHGotK0IcK7+nEiJNGYqA9spCYzNXy8T//O8BMILP+VRnACL6HxRmAgMCmf/4yHXjIKYWkKo5vZWTMdEEwo2pUoewmWGs++XF8n9Sb1xWm/eNmutqyKOMjpAh+gYNdA5aqEb1EYdRJFCj+gZvTjgPDmvztu8teQUM/voF5z3L9Cbkb4=</latexit>

Fi = ari�tt/2
<latexit sha1_base64="OKkpZ84emwObuknc9rHBZr35VyY=">AAACB3icbVBNSwMxEM36WevXqkdBgkXwVLdV/DgIBUE8KlgrtGWZTdMammSXZFYoS29e/CtePCji1b/gzX9jWouo9cHAy3szZOZFiRQWg+DDm5icmp6Zzc3l5xcWl5b9ldUrG6eG8SqLZWyuI7BcCs2rKFDy68RwUJHktah7MvBrt9xYEetL7CW8qaCjRVswQCeF/sZpKOgxBdrQEElwj0YHlIIwQ+zvlEO/EBSDIeg4KY1IgYxwHvrvjVbMUsU1MgnW1ktBgs0MDAomeT/fSC1PgHWhw+uOalDcNrPhHX265ZQWbcfGlUY6VH9OZKCs7anIdSrAG/vXG4j/efUU24fNTOgkRa7Z10ftVFKM6SAU2hKGM5Q9R4AZ4Xal7AYMMHTR5YchHA2w/33yOLkqF0u7xb2LvULlaBRHjqyTTbJNSuSAVMgZOSdVwsgdeSBP5Nm79x69F+/1q3XCG82skV/w3j4BHAuYUw==</latexit>

Gradient of a scalar,

Does not inject vorticity

(@t � @i@
i)a+ @ip

i = 0

(@t � @j@
j)pi + @ia+ @j

✓
pipj

a

◆
= Fi

<latexit sha1_base64="T6aayt22ImZ69FAc0FbnjTTCwUM="></latexit>

�tt
<latexit sha1_base64="uHcEoovyIUBt0n3+/UsOWi/mbF0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0m1+HErevFYwdpCGspmu2mX7mbD7kQooT/DiwdFvPprvPlv3KRB1Ppg4PHeDDPzglhwA6776ZSWlldW18rrlY3Nre2d6u7evVGJpqxDlVC6FxDDBI9YBzgI1os1IzIQrBtMrjO/+8C04Sq6g2nMfElGEQ85JWAlrz8iUpJBCjAbVGtu3c2BF0mjIDVUoD2ofvSHiiaSRUAFMcZruDH4KdHAqWCzSj8xLCZ0QkbMszQikhk/zU+e4SOrDHGotK0IcK7+nEiJNGYqA9spCYzNXy8T//O8BMILP+VRnACL6HxRmAgMCmf/4yHXjIKYWkKo5vZWTMdEEwo2pUoewmWGs++XF8n9Sb1xWm/eNmutqyKOMjpAh+gYNdA5aqEb1EYdRJFCj+gZvTjgPDmvztu8teQUM/voF5z3L9Cbkb4=</latexit>
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Outline 

• Introduction
• K41 theory and turbulence phenomenology
• Gravity in the Large d limit
• Results
• Conclusions
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Summary 

•  We studied turbulent black hole dynamics in the presence of explicit, 
homogeneous and isotropic forcing.

Large d expansion: gained analytic control. 
The solutions correspond to full AdS black holes. 
Universality in turbulent black holes consistent with K41.

• We briefly studied a set-up with an explicit gravitational source, 
giving rise to tidally-induced turbulent wakes.
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Outlook and future directions 

 Physical relevance:
Via AdS/CFT, relevant for turbulence at strong coupling, e.g. quark-
gluon plasmas, condensed matter.

From purely gravitational perspective:
• Which geometric quantities capture turbulence? what is the 

gravitational origin of turbulent cascades? 
• Relevant for the plunge dynamics for BH-BH or BH-NS 

mergers as measured by [LIGO]: Finite d, spherical horizons, 
asymptotically flat?
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Thanks for your attention!
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