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Motivation

• Axion is a very well motivated Standard Model extension. 
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Solves the Strong CP Problem

Explains Dark Matter

• U(1) Symmetry Breaking: Axion field reaches 
random initial value

• Cooling down of the Universe: potential for 
the axion + oscillation of the field 

• Dark Matter energy density
Fig. 1: Axion Misalignment [1]



Motivation

• As expected the axion will also develop different types of density 
fluctuations 

Virgile Dandoy HIDDeN Webinar 14th June 20213

Adiabatic 
fluctuations

Large Scale 
Structures, Dark 
Halo,…

Isocurvature
fluctuations Axion Mini Clusters

Post-Inflation

Post-Inflation

Pre-Inflation



Motivation

• How could we describe these structures?
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Numerical 
Simulations

Could become 
computationally challenging 

Analytical Treatments 



Axion Under Self-Gravity

• When submitted to its own gravity, the axion field is described 
by the action
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Eq. of Motion

Klein-Gordon eq.

Einstein eq.



Axion Under Self-Gravity

• Two simplifications could be done in this case: 
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High occupation number: Classical description of the axion field

Non-relativistic: New field description



Axion Under Self-Gravity
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High occupation 
number Non-relativistic

Schrodinger-Poisson system



Axion Under Self-Gravity
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• Simulations for wave dark matter have already been performed 
and solve two main problems arising in CDM simulations [2]

Cups-like 
density profile 

Too big to fail 
problem 

Wave Dark Matter simulations, but other limitations…

Analytical construction of the halos



Self-Consistent Dark-Matter Halo
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How could we construct a steady 
solution for a given Halo?

• How do we characterize a Halo? By its density, gravitational potential 
profile and its distribution function

Classical Distribution Function



Self-Consistent Dark-Matter Halo
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Power Law profile

Self consistent system 

Classical Distribution Function



Self-Consistent Dark-Matter Halo
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Potential fixed

      What is the solution for the Axion field?

WKBJ Approximation:

General Solution



Self-Consistent Dark-Matter Halo
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Have to be self-consistent 
with the Poisson-Equation 

Random Phase Model [3]



Self-Consistent Dark-Matter Halo
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Density

Ensemble Average 

Small scales time dependent fluctuations

Random Phase Model



Self-Consistent Dark-Matter Halo

Virgile Dandoy HIDDeN Webinar 14th June 202114

Random Phase Model

• Use the distribution function 
to match both sides

• Smooth out the fast 
oscillations



Self-Consistent Dark-Matter Halo
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• Dark Matter Halo is now described by the axion wave function

Self-Consistent 
Solution for a given 
Dark Halo 

• We recover on average the properties of the Halo



Self-Consistent Dark-Matter Halo
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• Dark Matter Halo is now fully described by the axion wave function

• What about the deviations from the ensemble average? 

Fig. 2: Self consistent density 
profile for a power law dark halo 
with n=5.



Self-Consistent Dark-Matter Halo
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• Interferences between different modes: small scales time-dependent ‘granules’ .

Fig. 3: Self-consistent halo for a given 
draw of the random phases [2]



Self-Consistent Dark-Matter Halo
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• Interferences between different modes: small scales time-dependent ‘granules’ .

Observed in high resolution simulations and 
explained here with a random distribution

How are they statistically described?



Self-Consistent Dark-Matter Halo
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Fluctuation Statistics on different scales 

• Deviation from the density on scales W: 

• As we increase the scale W, the deviation decreases: 
average density profile recovered at large scales 



Conclusion and Outlook
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• Axion bounded structures are described by the Schrodinger-Poisson system

• Simulations of this wave dark matter already solved some problems arising in the 
cold dark matter simulations 

• It is however possible to create some analytical solutions for these structures: on 
average, the large scale density profile is recovered and on small scales, some 
granules appear

• The next step is to use this analytical solution on bounded axion structures (ex: 
mini cluster) to understand their properties.



Thank you !
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