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Entroductionand Motivation

· Electromagnetic interactions : Maxwell electrodyzamics
(M= -1 Fab Fab , Fab = 2 Jea Ab7

.

4

(We work in D = 4 flat space)
· Equations of motion (com) and Bianchi identity :

↓ Il
2

dF=0 ; dF=0 .

Both equations are lear in Fab
.



Entroductionand Motivation

· Maxwell's theory is auge-
and frente-invariant .

· It features an extra special symmetry : define

Hab = -Fab .

= dH = 0 = dF= 0

leom) (Bianchi)
· Allow for entations of F and H :

(Fi) =(s S)(i)
· Clearly , dF= 0 ; dH' =0 . I Flab-Eabed FCdEazz = +1

.



Entroductionand Motivation

(Fi) =(s S)()(T)
· Clearly , dF= 0 ; dH' =0 .
· For (T) to be an actual summetry of com and Bianchi,
the relation between Hand F'must be the same as that of Hand Fi

~
H

H
F = cosa F- sincF ; H = -sing F-cosa F

.

-f H = 0 F
· (T) is a symmetry of con and Biandi in Maxwellidalityinvariance.



Entroductionand Motivation

· Maxwell's theory :=implest Lovents- , garge-
and deality-invariant theory.

It is notteonly oe
·

Demanding garge and Loventz invariance
,
the theory I :

↓: ((F) => constructed from loventz scalars of F .

· Not only that : 5 = - ! Fabfab

2 = ((s , p) ;
p
= - Fab (F1

· Duality invariance : differential constraint on 2,p) with infinite solutions .



Entroductionand Motivation
·

Symmetries : most powerful tool to construct physical theories
· Study of gage-, Letz and deality -invariant theories beyond Maxwell- -

(Boillat' 70
,

Plebaski70; Bialynicki-Birula '92; Gibbous , Rasheed 195, Saillard , Zumins97, 198;
Chemissary , Kallosh ,Ortin 12; Kruglov15 ,16; Bandos , Lechner, Sorokin , Townsend '20; Sorskin'22:S

Babaci-Aghbolagh , Velni , Yekta, Mohammadzadeh '22 , lechner, Marchetti, Sainaghi,Sorokin22;
J

Russo
, Townsend 122

,
'23,24 125, ... ]

· Objective of the talk : find Novelduality- invariant theoriesf electrodynamics

contentsofthetae ality invariance.

2) Two new deality-invariant theories including an
extra term independent of F.



Modmaxmapad deality imariance
·

Beyond Maxwell : nonlinear com inFENlinear electrodynamics (NED)
Indeed

,
con and Bianchi for [ =((F) :

X &
dH = 0 dF=0

Hab =2rab
· Question : When is [CF)dality -invariant ?

() = 1 Haban



Modmaxmapad deality imariance
·

Requiring invariance under deality rotations :
[Bialynicki-Birula '92; Gibbons , Rasheed '95]

↓ Fab =E()=t= 0122 - 4
, ()

2 Grab & Fab

where 4 is independent of F. Commonly , 4 is set to zero
to recover Maxwell in weak-field limit . We will not do that
· Since [ = [(s , p) , /recall S = -FabF*; p = -&Fab(Fab), (D) is equal to:

<s(2)() -p( + =p



Modmaxmapad deality imariance

<s(2)()-p =P (Dp

· All along the talk , we will be interested in finding solutions
of (Dsp) , which is ageadratic first-order PDE for 2=2(s ,p) .

· Maxwell's I = s is cearly a sation . Other examples with Y=0 :
1) BrInfeld [Born, Infeld'34] ·

[B5= To-pr , TelR .
T2TS

2)MMax [Bandos, Lechner, Sorskin ,Townsend "20]

CMM-coshus + sinhr+ p21 , weR



Modmaxmapad deality inmariance
· IMM is most general conformally and deality-invariant electrodynamics
with 4=0 [Bandos

,
lechner

,
Sorokin

, Townsand 120]
.

Prf . (Sketch)
· Let [ = /(s

,p) be a conformal theory · Then [las , ap) = a [ls,p) .
This translates into :

+p (C)

· If I is deality-invariant too :

p(? )"-2321 - p(b)=p . (Dop
OSJp

. Solving in (C) for&h and substituting in CDsp), one gets first-order ODE
->Most general solution is B



Modmaxmapad deality imariance
· Let do =Cols ,p) be a certain NED

.. Define the Modmaxmap Mr :

Mr : So->Mr(o) = Co((M (s ,p),p)
Theorem
-

· If do is deality-invariant,Mo)is deality-invariant Fre.
IIroof

P

·k
-p isdeality-invariant

· Here
,

Ir is deality-invariant fr
Z

D



Modmaxmapad deality imariance
·

Examples of application of ModMax map :

1) Take Born-Infeld &BF as seed theory :

Muld = - TECTSM-p2!
This corresponds to the so-called generalized Born-Infeld /Bandos

,
lechner,

Sorokin
,
Townsend20]

.

2) Consider deality-invariant theory :

262= Nzuzo24 : sip-s ; 20 : septs
.

for [0,KYER? Applying the ModMax map :

Mu([8) : Fizere Mitzeto!
This complete family of theories was found in TGibbons-Rasheed '95].



zu=-s ;20 s+s
-Modmaxmapad deality imariance gr(b,=2(k2-c -b2 +
↳

·

Examples of application of ModMax map :
+ K=chavisin (a)

3) Take the deality-invariant theory (with 470) : /Gibbons, Rasheed '95]

R+, Egk-, sigup4) , for Ke
Ther
,Mr(1) =gr+to, dEgule -E"Fo,sign (4)p

is a novel family of deality -invariant theories.
Remarks

· ModMax map : Construction ofoarameter family of deality -invariant NEDs from
a given

one.

My([Mm)- SeMM (ModMax wep on
ModMax only

· Note : shifts the parameters .



Modmaxmapandcasality
· Consider deality-invariant theories with 4=0.
· In terms of u: (p-s) and =pts), the deality-invariance
condition for h = ((u, c) reads [Gaillard, Zumino 1977 :

EO= (Dur

·

Resorting to (Courant, Hilbert 1627 , the most general solution to (Durl is :

[Tlil]= ((i) · 21 ; T = 0

+A for arbitrary function.
[ (z)

·

Example : (1) ((i) =5 corresponds to Maxwell theory .

(2) f(il : eVT is ModMax with parameter 5 .



Modmaxmapandcasality
·

By [Russo ,Townsend'24) , a theory [TC1] is causal iff :
(() = 1 ; (t)20 .

·

In terms of 11s) parametrization of deality-invariant theories :
Mr(([9()]) = (((levil] (Me)

Theorem
-

If [T9(i) is carsal, Mr[[(())-carsal for any 210 .
· Prof . It can be proven directly from (Me)

. D
.

Remarks
-

(1)MdMaxmap preserves causality.

(2) Generally: If 22200 and :20
,
then MrTL()1] is causal for U = -logito)



#II. Novdualitymarianttheories with 40
.

· Remember deality-invariance condition :

p(2-p
· ↑ is independent of Fab

.

Literature typically sets 4:0 to

ensure Maxwell limit for weak fields, with notable exceptions (Gibbons
,
Rasheed 1957.

· But there are popular NEDs without Maxwell limit in weak-field regimee..
· let us find no ideality-invariant theories with mentrivial4.

1 New family of theories with Maxwell limit as 420

2) Generalization of Bialynicki-Birule electrodynamics.



Novedealitymarianttheories with 40
.

· Interpretationof 42
· Well

,
I could be taken to be a pure integration constant.

· Other possibility: is beneffrom other fields with non-trivial dynomics.
· Caction ! Promoting 4 to be dynamical maybadealityinvariance

of the entire set of equations of
motion ! This is due to :

Sa()- a , with a infinitesimal angle.
· Hence

, dynamical 4 could result in equation for 4 not covariant
under deality rotations.



Novedealitymarianttheories with 40
.

Are there acceptable choices for dynamical 4 ?
· Idea : If the equations) for the fields) composing 4 are such that

& always appears underdifferentiation...The equation for 4 isvarian

· How could we guarantee this ? -D4 is a toderivative . Examples :

(1) 4 : XBP
, for scaler field p

(2) 4 = / Fabab, for other field strength Fab = 26cAm.

(3) 4 = J (R2 4 Rab Rab + Rabed Rabed) .
Chinetic terms are added separately



Novedealitymarianttheories with 40
.

· Now
,
let us actually find avality-invariant NEDs with non-trivial 4.

· We restrict to theories satisfying :

Clas
,Op, 04) =@d(s,p ,4) for any function

↓

Et p (CI)
34

· Just having the deality-invariance condition> 1 PDE for 3-variable function.
· (CI) imposes a further constraint to find explicit theories . It is
connected with weg invariance hobt -Yob and 4-2" 4.



Novedealitymarianttheories with 40
.

· We want to solve :

p-p=1

·

Perturbatively in 4 : ((s
,p.4) :En (s,p) 42

· We get the conditions :

pmmmm) =p-Se

with n20
.

· En +pon = In
-> Solve perturbatively from seed conformal and deality-invariant do !



Novedealitymarianttheories with 40
.

·

Starting with do = Imm :

[sarctau()+ : VER,

Es kem,

[s:p +skpal +p
+_; KER

,

15 ((fmn + p2) (dmm)" = p2
etc.

At each order
,
a new integration constant



Novel deality-mvariant theories with 40 .

-

· Could we em the whole perforbative solution somehow ?

· Let's explore this if all integration constants Ki =0.

· Set first v = o lany - may fixed by ModMax mop) .#resummation is possible !

Cym:+

trit+T,↑S

ty = arctan () + carctan ()



Novedealitymarianttheories with 40
.

· As it turns out
, Sym is always real-valved (although not analytic

in s =p =s) and satisfies :

lim Lun-

·Cinpresents andaliyivariantNED with non-trivlen

·

Using ModMax map, one can construct one-parameter generalization of Lym :

Muldum) = [um([M
,
p,4)

such that him Mr(um) = SeMM.
4 +0



Novedealitymarianttheories with 40
.

· let us find a different instance of deality-invariant NED with 4 %0.
NodMax

· Are there theoriesindeneudent of s ? Most general fixed point of map.

· C = [(p ,4)
,
so that the deality invariance condition becomes :

-p(z) + 4 = p
·This equation can be exactly solved :

IgBB=Np + Marctan[ + 4(4)

for arbitrary h (it must be linear for Egis to be homogeneous).
· Generalization of Bialynicki-Birul Theory EBBilpl (Bialynicki-Birula 1923.

LinLg :Es



Conclusions

· We have found novel duality -invariant NEDs :

ModMaxmap : generates one-parameter family of deality-invariant
theories from a given one.

-> It preservescausality.
·Soled directly thedei-invariance condition with notrivial4

.

(1) Theory Sum with Maxwell limit Limdum = S
Tex

(2) Theory EgB With Bialynicki-Birula limitEmEg



FutureDirections

· Physical properties preserved by ModMax map ?
· Hamiltonian formalism for deality -invariant theories with nontrivial 4.

·

Examining Lym in more detail. Explore possible dynamical choices for 4.
·same for EgBB .

What dynamics does this theory give for the garge fied?
·

Explore other deality -invariant NEDs with 40 . Fully analytic theories ?

MuchasgraciasE
"Todo lo mudará la edad ligera, por no hacer mudanza en su costumbre"

IGarcilaso de la Vega , 1535].



Entroductionand Motivation

· Why a garge-and loventz-invariant theory is [ =11s
,p) ? Note :

FacFlyC-opgab :FackFlo= FacEyesgab , (f)
·

By an induction procedure :

9 Use /f) to encode F in p,s and terms withoutF.

an

b) Use "Schorten-like" ideuties F - Fan = O for n > 4.

Any
invariant with odd # Any invariant
of F's vanishes

with even #of F's is pure

function of s and p.


