Braneworld gravity = infinite derivative gravity

Pablo A. Cano

Universitat de Barcelona
based on arXiv: 2310.09333 w/ Aguilar, Bueno, Hennigar, Llorens
+ upcoming work w/ Bueno and Hennigar

Avila, 16-17 November 2023

7laCaixa’
Founci:)t?on UNIVERSITAT ICcuB
BARCELONA

Pasro A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATT



HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

0 HiGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

PasrLo A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATIVE GRAVITY AviLa, 16-17 Novemser 2023



HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

1
16 G dDX\/_.E(g Rabcdl Va)

PasLo A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATIVE GRAVITY AviLa, 16-17 Novemser 2023



HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Linearized equations
Constant curvature background of curvature A = —y/¢?

Gab = gab + hap
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Linearized equations
Constant curvature background of curvature A = —y/¢?

Gab = gab + hap

Only linear symmetric tensors

0"Ra, gapd"R, 0O"VaVpR
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Linearized equations
Constant curvature background of curvature A = —y/¢?

Gab = gab + hap

Only linear symmetric tensors

0"Ra, gapd"R, 0O"VaVpR

General form of linearized EOMs

Eap = Z gzl [a/ﬁIGSb) + ﬁ/ﬁIR“)gab + VI+1EQDI[gabE| - va?b]":”(”] =0
1=0
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Linearized equations
Constant curvature background of curvature A = —y/¢?

Gab = Gab + hap

Only linear symmetric tensors
0"Rap, gavd"R, O"VaVuR

General form of linearized EOMs

Eab = [ﬁ (PD)GY) + (PE)RGas + (E°0)[Gap — VTR ] =0
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Linearized equations
Constant curvature background of curvature A = —y/¢?

Gab = Gab + hap

Only linear symmetric tensors

0"Rap, ga0"R, O"VaVpR
General form of linearized EOMs
Eab = [[(E2B)GY) + R(PB)R VG + 5(125)[Ga60 — VaVo ]| = 0
Bianchi identity V2&,, = 0 leads to
2= 2 2= 2=
fo (E D) = [f1 (€ D) -1 (l’ |:|+2D)()]

WD [fs (28 +20x) (8- xD) - 1s (%) 23]

De?
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Connection with the Lagrangian?
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Connection with the Lagrangian?
These equations can be derived from a general quadratic Lagrangian

(D_1)(D_2)+R

Legg = A 72

+ (2RF1((PB)R + (*RapF2((°8)R® + £?Rapca Fa(£20)R*

f1,2,3 = functions of Fy » 3. Map is complicated for A # 0
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Connection with the Lagrangian?
These equations can be derived from a general quadratic Lagrangian

(D_1)(D_2)+R

Legg = A 72

+ (2RF1((PB)R + (*RapF2((°8)R® + £?Rapca Fa(£20)R*

f1,2,3 = functions of Fy » 3. Map is complicated for A # 0
For a flat background we get
A 2= 2=\1 p2=
fr=3 [1+ [4F5(¢°D) + F2(¢20)] ¢20]
fg =0

fa = ‘%‘}2 [2F1(¢28) + F2(¢20) + 2F5(£0))
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Degrees of freedom
Trace of the equations:

‘% [(D - 2) - €26 [4F3(¢28) + DFo(£28) + 4(D — 1)F(¢28)| | RV = 0

There are scalar modes unless 4F3 + DF, + 4(D — 1)F; =0
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Degrees of freedom
Trace of the equations:

A _ _ _ _
~5 [(D-2)— 26 [4Fo(28) + DF(28) + 4(D - DF1(¢%0)] | AV = 0
There are scalar modes unless 4F3 + DF, + 4(D — 1)F; =0
Traceless part is given by
A _ _ _
X {[1 + [4F3(28) + F(28)| 28] R(L)

(2 [2F;(¢28) + Fo(£20) + 2F5(£28)] ¥,V RW} ~o

Massive gravitons: roots of 1 + [4F3(¢20) + Fo(£20)| 28 = F ()
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HIGHER-DERIVATIVE GRAVITY WITH COVARIANT DERIVATIVES

Degrees of freedom
Trace of the equations:

—% [(D - 2) — €28 [4F5(£28) + DF,(¢28) + 4(D — 1)F; (£28)] | RV = 0

There are scalar modes unless 4F3 + DF, + 4(D — 1)F; =0

Traceless part is given by

% {[1+ [4Fs(e20) + Fo(e)] 28] AL,

(2 [2F;(¢28) + Fo(£20) + 2F5(£28)] ¥,V Rm} ~o

Massive gravitons: roots of 1 + [4F3(¢20) + Fo(£20)| 28 = F ()

Possible resolutions:
o Nonlocal gravity: #(0O) is an entire functions with no zeroes Mazumdar+...]
o Einstein-like gravities: 4F3(¢20) + F»(¢20) = 0 [Bueno, PAC]

PasrLo A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATIVE GRAVITY AviLa, 16-17 NovemBer 2023



INDUCED GRAVITY ON THE BRANE

© InDUcED GRAVITY ON THE BRANE
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INDUCED (GRAVITY ON THE BRANE

Consider Einstein gravity in AdSp.4

IEinstein = [/ dD+1X V— ( D(D ) + 2/ dDXﬁK:|
1 67‘[GD+1 oM
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INDUCED (GRAVITY ON THE BRANE

Consider Einstein gravity in AdSp.4

Feinstein = —m—7— [/ dP* X/ - (R+D(D 1))+2/ dDX\/_K]
167‘[GD+1

We add a brane at a cutoff p = {/e before the AdS boundary. We have

‘ IEinstein + forane = Ibgrav + Icrr ‘

1
— D _ D
forane = _T/:é’/e d“xv-g, hograv = 16—7'(GD+1 /d xvV-gL
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INDUCED (GRAVITY ON THE BRANE

Consider Einstein gravity in AdSp.4

Feinstein = —m—7— [/ dP* X/ - (R+D(D 1))+2‘/ dDX\/_K]
167‘[GD+1

We add a brane at a cutoff p = {/e before the AdS boundary. We have

‘ IEinstein + forane = Ibgrav + Icrr ‘

1
— D _ D
forane = _T/:l’/e d”xvV-9, lograv = 16—7'(GD+1 /d xvV-gL

Variation with respect to the boundary metric yields

Iap = Kab — gan(K = T)

where I'ly, = boundary stress-energy tensor, equivalent to the equations of motion
of Ibgrav
ab _ 2 6Ibgrav

B V=g 09ab
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INDUCED (GRAVITY ON THE BRANE

Induced gravity [Kraus, Larsen, Siebelink]

@ Start with Einstein equation’s in the bulk éyv = D(?Z_”QW
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INDUCED (GRAVITY ON THE BRANE

Induced gravity [Kraus, Larsen, Siebelink]

@ Start with Einstein equation’s in the bulk éyv = D(?Z_”QW

@ Evaluate them at the brane and decompose them in extrinsic and intrinsic cur-
vature

@ Use the relation between K, and Il

Normal-normal component yields

1
ﬁ(n +DT)? — (Tap + Tgap)(I1%° + T9™°) - R

_ D(D-1)
==

The tension fixes the cosmological constant on the brane
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INDUCED (GRAVITY ON THE BRANE

Induced gravity [Kraus, Larsen, Siebelink]

@ Start with Einstein equation’s in the bulk éyv = D(?Z_”QW

@ Evaluate them at the brane and decompose them in extrinsic and intrinsic cur-
vature

@ Use the relation between K, and Il

Normal-normal component yields

1
ﬁ(n +DT)? — (Tap + Tgap)(I1%° + T9™°) - R

_ D(D-1)
==

The tension fixes the cosmological constant on the brane
Choosing T=(D—-1)/¢wegetA=0

_[ ab 1 2
H—2 R+ TgpIT D—1H

This identity fixes the induced gravity theory
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INDUCED (GRAVITY ON THE BRANE

In order to derive the form of the equations, we expand them in derivatives

L= Z 21 Loy, e = Z €2n—1n(a,l73)

n=1 n=1
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INDUCED (GRAVITY ON THE BRANE

In order to derive the form of the equations, we expand them in derivatives

L= Z 21 Loy, e = Z g2n- 11—1317:)
n=1 n=1
Then, we get
R
oy =7
15 1
Mw =3, [H(l)abn(n i H(f)H(n—i)] , n22
i=1
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INDUCED (GRAVITY ON THE BRANE

In order to derive the form of the equations, we expand them in derivatives

L= Z 21 Loy, e = Z 62”_11'1‘("',’7’)
n=1 n=1

Then, we get

Iy =

NIl= |3

n—1
]
— b
My =5, [H(f)abn‘fn_f) - mn(f)n(n—f)] , nz2
i=1

The other ingredient we need to solve this recursive relation is

I = (D —2n) Ly + total derivative
— We get L, from the trace of the equation of motion I,
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INDUCED (GRAVITY ON THE BRANE

In order to derive the form of the equations, we expand them in derivatives

L= Z €2n—1£(n) LTI = Z 52”_11'1‘("',’7’)
n=1 n=1

Then, we get

Iy =

NIl= |3

n—1
]
— b
My =5, [H(f)abn‘fn_i) - mn(f)n(n—f)] , nz2
i=1

The other ingredient we need to solve this recursive relation is

I = (D —2n) Ly + total derivative
— We get L, from the trace of the equation of motion I,

Loy =

R
— 11 —_
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INDUCED (GRAVITY ON THE BRANE

Focus on the quadratic part of the Lagrangian

Ln = apRO" 2R + B,R*0" 2R, + O(R®)
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INDUCED (GRAVITY ON THE BRANE

Focus on the quadratic part of the Lagrangian
Ln = apRO" 2R + B,R*0" 2R, + O(R®)
Recurrence relation becomes

2
4(D -0 = o=

dp = —

ﬁn . n-2
(D— 2)+Z Pip ""w
i=2

; — 1
with ﬁz = m

Pasro A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATIVE GRAVITY AviLa, 16-17 NovemBer 2023



INDUCED (GRAVITY ON THE BRANE

Focus on the quadratic part of the Lagrangian
Ln = apRO" 2R + B,R*0" 2R, + O(R®)
Recurrence relation becomes

2
4(D )ﬁ”’ ﬁ"‘(o 2n)

Ap = —

ﬁn | n-2
D-2) + E ﬁiﬁn—i}
i=2

This can be reformulated in terms of a generating function

00 =Y b
n=2

: _ 1
with ﬁz = m
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INDUCED (GRAVITY ON THE BRANE

Focus on the quadratic part of the Lagrangian
Ln = apRO" 2R + B,R*0" 2R, + O(R®)
Recurrence relation becomes

2
4(D -0 = o=

dp = —

ﬁn . n-2
D-2) + g ﬁiﬁn—i}
i=2

This can be reformulated in terms of a generating function

00 = > 0
n=2

The recurrence relation becomes a differential equation

; — 1
with ﬁz = m

f'(x) = (4 - D)Box>"P - 5 é 2xf(x) —2xP1f(x)2
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INDUCED (GRAVITY ON THE BRANE

@ __ 1 Dy/"a
Ibgrav B 161tGpy1 /d N9

{R S 2n—1 ab —n—2 D n—-2
—_— + R*0" “Ryy — ——RO '™ “R
2(D-2) ;ﬁ”e &~ 2D-1)
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INDUCED (GRAVITY ON THE BRANE

C—— / dOxy"g

bgrav ~ 161Gp

D
2 pab 2 _
R+ (“R F(é |:|) (Ffab —4(D_1)gabR)]

where

F(Po)=200-2) > s (152u)"_2
n=2
and GD = 2(D - 2)GD+1 /f
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INDUCED (GRAVITY ON THE BRANE

@ __1 Dy /=
hograv = 167'(GD/d xN—g

D
2 pab 2 _
R+ (“R F(é |:|) (Ffab —4(D_1)gabR)]

where

F(¢%0) = 2(D - 2) i Bn ((zzu)”_

n=2
and GD = 2(D - 2)GD+1 /f

x*DF(x2) = F(x) satisfies the equation

1
) = 553

F(x) FO 1
T 200-2)

F'(x) = (D - 4) (2F(x)+xF(x)2)

where F(0) = 20 - 2)2 = (5353
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INDUCED (GRAVITY ON THE BRANE

_Dp-2) 1 (D=-2)Yo2(VX)
Fp(x) = 2 x X312y, (VX)
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INDUCED (GRAVITY ON THE BRANE

_Dp-2) 1 (D=-2)Yo2(VX)
Fp(x) = X2 - X - x3/2Y, (\/)_()

The theory is well-defined in odd dimensions

Fa(x) = - sin (V&) ~ e 2 e + 34 +
xsin (Vx) + vx cos (Vx) 3 15 105
Fslx) = cos (V) UL
(3—x)cos (Vx) +3yxsin(vx) 3 9 27 405
Vx sin (Vx) + cos (Vx) 1 2x  13x% 228
F7(X) = N — 4+ — —

" = 15)yxsin (Vx) + 3(@x — 5)cos (vx) 15 75 1125 ' 16875
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INDUCED (GRAVITY ON THE BRANE

_Dp-2) 1 (D=-2)Yo2(VX)
Fp(x) = X2 - X - x3/2Y, (\/)_()

The theory is well-defined in odd dimensions

Fa(x) = - sin (V&) ~ e 2 e + 34 +
xsin (Vx) + vx cos (Vx) 3 15 105
Fsx) = cos (V) UL
(3—x)cos (Vx) +3yxsin(vx) 3 9 27 405
Vx sin (Vx) + cos (Vx) 1 2x  13x% 228
F7(X) == N —  — —

(x — 15)x sin (VX) + 3(2x — 5)cos (yx) 15 75 1125 ' 16875 '

Singularities in even dimensions
8

Falx) = S 2Ys(Vx) 1

1 1
X_X3/2Y2(\/)—() 3 [—2yE - Iog(x/4)]+§ [-1+ g + log(x/4)] x+. ..
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INDUCED (GRAVITY ON THE BRANE

Linearized equations

Fy=F,Fo=-D/(4D-1))F,F3=0
Trace of linearized equations

(D-2) 1
e G
64nG

No scalar modes!

12/19
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INDUCED (GRAVITY ON THE BRANE

Linearized equations

Fy=F,Fo=-D/(4D-1))F,F3=0
Trace of linearized equations
_(b-2) =)

=0
641G

No scalar modes!
The linearized equations reduce to

1

s |1 T FED)Pa] Gy =
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INDUCED (GRAVITY ON THE BRANE

Linearized equations

Fi=F,Fo=-D/(4D-1))F,F3=0
Trace of linearized equations

No scalar modes!

The linearized equations reduce to

2 2 _ a —
64HG[1+F(€ )e ]uhab_o h=0, Vih,=0
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INDUCED (GRAVITY ON THE BRANE

Linearized equations

Fi=F,Fo=-D/(4D-1))F,F3=0
Trace of linearized equations

No scalar modes!

The linearized equations reduce to

64nG [1 +F(€2 )ez ]uhab_o h=0, Vhp=0
Propagator

641tGp
(D-2)

i0kY os2 (iCK) -
Pp(k) = - -

Yg(ifk)

Poles of the propagator represent propagating modes with mass m? = —k?
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INDUCED (GRAVITY ON THE BRANE

Five dimensions
Ps(k) A 1

= +
647Gs  (2k2 3 — 3(k tanh((k)
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INDUCED GRAVITY ON THE BRANE

Five dimensions
Ps (k) A 1

= +
647Gs  (2k2 3 — 3(k tanh((k)

Infinitely massive modes

Amn""’?

And one tachyonic mode

o 1.43923
YT

All modes have negative kinetic energy!

Ps(k® — —m?) 2
64nGs  3(2[K2 + 7]

Can the coupling to the CFT alleviate this
“pathological” behavior?
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INDUCED GRAVITY THE BRANE

Higher dimensions: D =5

10F
| .
) ’
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INDUCED GRAVITY ON THE BRANE

Higher dimensions: D =7

10f ]
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INDUCED GRAVITY ON THE BRANE

Higher dimensions: D =9

10f ]
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INDUCED GRAVITY ON THE BRANE

Higher dimensions: D = 11

10f ]

Pasro A. Cano BRANEWORLD GRAVITY = INFINITE DERIVATIVE GI



INDUCED GRAVITY THE BRANE

Three dimensional case is special
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INDUCED (GRAVITY ON THE BRANE

Three dimensional case is special

Ps(k) _ 1  tktanh(fk)
641Gy (2k2 02k
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INDUCED (GRAVITY ON THE BRANE

Three dimensional case is special

Ps(k) _ 1  tktanh(fk)
641Gy (2k2 02k

¢ 2

No tachyons! infinite tower of equally-spaced massive modes

1
mnzz(n+—) , h=0,1,2,...
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INDUCED (GRAVITY ON THE BRANE

Three dimensional case is special

Ps(k) _ 1  tktanh(fk)
641Gy (2k2 02k

¢ 2

No tachyons! infinite tower of equally-spaced massive modes

1
mnzz(n+—) , h=0,1,2,...

These are still ghosts...

...however, the Einsteinian mode k? = 0 in D = 3 is non-propagating
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INDUCED (GRAVITY ON THE BRANE

Three dimensional case is special

Ps(k) _ 1  tktanh(fk)
641Gy (2k2 02k

¢ 2

No tachyons! infinite tower of equally-spaced massive modes

1
mnzz(n+—) , h=0,1,2,...

These are still ghosts...
...however, the Einsteinian mode k? = 0 in D = 3 is non-propagating

The theory has negative-definite energy!

L—--L
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NonNrLocaL Massive GraviTy IND = 3

© Nonrocar Massive Gravity IN D = 3
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NonNvrocar Massive GraviTy IN D = 3

We define NLMG as the 3D braneworld gravity with a global sign change

1
INLMG = 16nG d®xy—g

-R+ €2RabF (fzﬂ) (Rab - ggabR)]

_ sin (V)
xsin (VX) + vx cos (Vx)
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NonNvrocar Massive GraviTy IN D = 3

We define NLMG as the 3D braneworld gravity with a global sign change

1
INLMG = 16nG d®xy—g

-R+ €2RabF (fzﬂ) (Rab - %gabﬂ)]

sin (Vx)
xsin (VX) + vx cos (Vx)

@ It generalizes New Massive Gravity [Bergshoeff, Hohm, Townsend]

F(x) =

L=-R+1?? (RabRab - ng) +0(t%

@ It propagates an infinite tower of positive-energy massive gravitons

@ Dynamical gravity in D = 3
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NonNvrocar Massive GraviTy IN D = 3

Newtonian potential

ds?® = — (1 +2®)dt? + (1 — 2¥) dx?
Assuming a pressureless stress energy tensor with energy density p = Ty, these
potentials satisfy the equations

ov + %F ((sz) P0? (® + W) = -8nGp
oW -®) =-8nGp
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NonNvrocar Massive GraviTy IN D = 3

Newtonian potential

ds?® = — (1 +2®)dt? + (1 — 2¥) dx?

Assuming a pressureless stress energy tensor with energy density p = Ty, these
potentials satisfy the equations

ov + %F (€2D) 0?0? (® + W) = -8nGp
oW -®) =-8nGp
Point-like mass:

W —® x log(r/M) = large gauge transformation

For Einstein gravity ®gg = 0 and the metric is locally flat
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NonNvrocar Massive GraviTy IN D = 3

Newtonian potential

ds?® = — (1 +2®)dt? + (1 — 2¥) dx?

Assuming a pressureless stress energy tensor with energy density p = Ty, these
potentials satisfy the equations

ov + %F (€2D) 0?0? (® + W) = -8nGp
oW -®) =-8nGp
Point-like mass:

W —® x log(r/M) = large gauge transformation

For Einstein gravity ®gg = 0 and the metric is locally flat
For the massive gravities:

cDNMG = —47TGMKO (mr)

DnivG = —4nGIM / dk Jo(kr) tanh(¢k)
0
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NonNvrocar Massive GraviTy IN D = 3

Asymptotic behavior

1/2 .—mr

Oavg ~ 1 ce

1/2 ;—myr

Onevg ~ e

Small r behavior
Dnmg ~ log(r)

4nGIM
r

1076 10 0.01 1

DNLMG ~ —

o We recover the 1/r behavior of 4 dimensions!

@ Genuine nonlocal effect: cannot be obtained with a finite number of deriva-
tives

@ Could there be black hole solutions?
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CoNCLUSIONS

@ Concrusions




CoNCLUSIONS

@ Induced gravity on the brane is an infinite-derivative (nonlocal) gravity

@ These theories are not “healthy”: negative energy modes. What is the meaning
of this?

e Do the massive modes agree with the Kaluza-Klein modes (in the Randall-
Sundrum sense)?

e In 3D, the braneworld gravity with reversed sign is a well-behaved theory which
generalizes NMG. What other aspects of the theory could we study?

o Extensions: spectrum of braneworld theories in AdS/dS, Lovelock branworlds.
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CoNCLUSIONS

@ Induced gravity on the brane is an infinite-derivative (nonlocal) gravity

@ These theories are not “healthy”: negative energy modes. What is the meaning
of this?

e Do the massive modes agree with the Kaluza-Klein modes (in the Randall-
Sundrum sense)?

e In 3D, the braneworld gravity with reversed sign is a well-behaved theory which
generalizes NMG. What other aspects of the theory could we study?

o Extensions: spectrum of braneworld theories in AdS/dS, Lovelock branworlds.

Thank you for your attention!
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